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Abstract 

Higher-derivative terms in the string and M-theory effective actions are strongly 
constrained by supersymmetry. Using a mixture of techniques, involving both string- 
amplitude calculations and an analysis of supersymmetry requirements, we determine the 
supersymmetric completion of the R'^ action in eleven dimensions to second order in the 
fermions, in a form compact enough for explicit further calculations. Using these results, 
we obtain the modifications to the field transformation rules and determine the resulting 
field-dependent modifications to the coefficients in the supersymmetry algebra. We then 
make the link to the superspace formulation of the theory and discuss the mechanism by 
which higher-derivative interactions lead to modifications to the supertorsion constraints. 
For the particular interactions under discussion we find that no such modifications are 
induced. 
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1 Introduction 

The effective field theory actions describing the dynamics of the massless modes of the various 
string theories contain, in addition to the well-known supergravity terms, an infinite number 
of higher-derivative corrections. These terms encode the dynamics of the massive modes and 
the extended character of strings. For the first few orders in the string slope a' and the 
string coupling Qs, many of these terms are known explicitly from either sigma-model anomaly 
computations or from string amplitudes. The best-known one is perhaps the Green-Schwarz 
Lorentz anomaly cancellation term [1] in the heterotic string effective action, appearing at 
genus one: 

Sgs^ jBM^R\ (1.1) 

The tensor (whose precise definition will be recalled below) contracts the eight flat indices 
of the Riemann tensors. As was first pointed out by Vafa and Witten [2], this term arises also 
in the non-chiral type IIA theory, where a duality argument relates it to the five-brane Lorentz 
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anomaly (see Duff et al. [3]). Another higher-derivative term which has received considerable 
attention is the famous 

Sr^^ jd^^xehhR\ (1.2) 

This term arises in all string theories, and not only at one-loop order but also at tree level, 
when multiplied with the appropriate power of the dilaton^. Upon compactification to four 
dimensions, the action (1.2) is responsible for corrections to the hypermultiplet geometry; see 
for instance Strominger [6] and Antoniadis et al. [7]. Moreover, both (1.1) and (1.2) contribute 
to the equations of motion and are therefore expected to modify the supergravity brane solu- 
tions. In addition, several other explicit higher-derivative terms are known or conjectured to 
exist by duality arguments (see e.g. Berkovits and Vafa [8]). 

Although one can in principle determine higher-derivative terms through explicit string 
scattering calculations, it is expected that their structure is strongly constrained by the sym- 
metries of string theory. In particular, suitable linear combinations of the bosonic terms 
discussed above should be part of a full supersymmetric action when amended with quadratic 
and higher-order fermion terms. Ultimately one may perhaps hope that for every string the- 
ory (i.e. for every string model with a given field content) and for every genus (i.e. for every 
given power of the dilaton), supersymmetry will be enough to fix the structure of the action 
at the corresponding order of the string loop expansion. One can argue (see also section 2.1) 
that supersymmetry does not mix the different string loop orders. However, in some cases 
additional symmetries may be enough to bridge even the genus gap; an explicit example is 
the SL(2,Z) symmetry of type IIB string theory, as shown by Green and Sethi [9]. 

Supersymmetry on the component level often provides us with an elegant underlying ex- 
planation of the rather complicated form of higher-derivative actions (the present paper will 
exhibit many examples of this fact). But if we are interested in world- volume actions for 
branes embedded in target-space supergravity backgrounds, it is necessary to also understand 
how one can describe such background theories in their superspace formulations. Indeed, 
supersymmetric brane actions are known only in formulations with manifest target-space su- 
persymmetry. One expects, based on previous experience with string models, that there will 
be a close link between world-volume quantum effects and target-space corrections, although 
such a link is obviously much more difficult to establish given the complications that arise in 
quantising kappa-symmetric actions. 

The relation between the two formahsms is easiest to understand when one reahses that 
superspace provides a geometric rationale for the algebraic structure of the component-space 
theory. Therefore, one should focus on possible modifications to the supersymmetry algebra 
induced by higher- derivative terms in the action. In a component language, one finds that, 
when higher-derivative terms are included, one also has to modify the supersymmetry trans- 
formation rules of the fields. In other words, supersymmetry for these actions means that the 
invariance of the action is expressed by 

((5o + 5^(«')"<^n) (^0 + E(«')"'5n) = . (1.3) 

n n 

Due to these modifications, the field-dependent coefficients of the supersymmetry algebra can 
pick up corrections as well. As a result, the geometrical structure of superspace is modified. 



^The results of Bern et al. [4] and Dunbar et al. [5] show that it does not get corrections beyond one loop. 
There are, however, non-perturbative contributions weighted with an appropriate power of the dilaton. 
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which is reflected in modifled supertorsion constraints. We wiU return to these issues in more 
detail later; it suffices to say at this point that our ultimate goal is to derive the modifications 
to the supersymmetry transformation rules and use these to make contact with a manifestly 
supersymmetric formulation of the theory. 

The task of constructing supersymmetric string effective actions using supersymmetry as 
the only input is horrcndously complicated. Already in pure gauge theories without gravity 
such an approach is rather difficult. The sub- leading terms were constructed by Metsaev and 
Rakhmanov [10] and later extended to the non-abelian case by Bergshoeff et al. [11]. Much 
less is known about the higher-derivative supergravity invariants. Explicit results are only 
known for the heterotic effective action, while there are some expectations about the form of 
higher- derivative invariants for other theories (based on string calculations) which, however, 
have so far defied a supersymmetry analysis. 

It turns out that the heterotic theory admits two distinct types of higher-derivative super- 
invariants. The first type is related to the shift of the Neveu-Schwarz three-form field strength 
by the Lorcntz Chcrn-Simons term as required by anomaly cancellation. In order to restore 
supersymmetry, which is broken by this mechanism, additional terms are required at genus 
zero. The a'R^ terms were first analysed by Romans and Warner [12], but there are correc- 
tions at any order in the string slope, of which the {a')^R'^ ones have been computed explicitly 
by Bergshoeff and de Roo [13] . Of course, none of these terms are expected to play a role in 
the other string theories or in eleven dimensions. The second set of superinvariants, which are 
known to be relevant for the other string theories as well (by virtue of the sigma-modcl com- 
putations of Grisaru et al. [14] and several string- amplitude calculations) has {a')^R'^ terms 
at the lowest order. These invariants have been studied in an impressive paper by de Roo 
et al. [15] and reported in more detail in the thesis by Suelmann [16]. These authors were able 
to pin down the exact form (up to and including fermion bilinears) of three actions, each of 
which is separately invariant under supersymmetry within the limitations of their analysis. 

These limitations arise as follows. The supergravity theories in ten dimensions involve 
many fields, so one often restricts to checking supersymmetry only with respect to a subset 
of the transformation rules. Furthermore, the four-fermi terms of higher-derivative actions 
are extremely difficult to compute and are therefore in practice always ignored. Because of 
these restrictions, the analysis of de Roo et al. [15] has provided us with three candidate 
building blocks for invariants, for which invariance has been checked, but only for a subset of 
the full transformation rules. In addition, they constructed a generalisation of the Yang-Mills 
invariant which includes the couplings of lowest order in the gravity fields. Their results can 
be transcribed in a form adapted to string theory, in which case the bosonic terms of the 
gravitational invariants are expressed as (the precise form of the index contractions is not 
important at this point) 



(The first three invariants arc related via the identity Ix = 24 Jyj —6Iyi, and so they comprise 
only two linearly invariant combinations.) The terms of higher order in the string slope involve 
higher powers of the fields as well as derivatives thereof. Only one particular linear combination 
of the above invariants is completely independent of the anti-symmetric tensor field, namely 




tstsR" + ^SiotsBR'' + 0{a') , 
{ts + |£ioS) (tri?2)2 + 4 HR'^DR + 0{a') , 
(ts + leioB)trR^ + HR^DR + 0{a') , 
-£io£ioi?^ + AewhBR'^ + 0{a') . 



(1.4) 
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Ix — \lz- Because of gauge invariance for the S-field, this is the only invariant that can 
appear in string theory at arbitrary loop order, and in particular at tree level. 

The fact that these particular combinations can be made supersymmetric is, as expected, 
consistent with explicit calculations of the heterotic string effective action. The bosonic parts 
of the tree-level contributions have been evaluated by Cai and Nunez [17] and Gross and 
Sloan [18] (three- and four-point amplitudes) while the bosonic one-loop terms were computed 
by Sakai and Tanii [19], Abe et al. [20, 21] and Ellis et al. [22] (four-point amplitudes) and 
Lerche et al. [23] (five-point amphtudes involving the Neveu-Schwarz tensor field). Ignoring 
normalisation factors, the result reads 



'heterotic 



e 



-2<i> 



H 



(/BdR + Ix- \lz) + {Ifr + Ix) . (1.5) 



The term /sdR is the {a')^ piece of the invariant constructed by Bergshoeff and de Roo [13] , and 
IpR is the invariant of de Roo et al. [15] which describes the coupling to the Yang-Mills fields. 
When the transformations of the dilaton and the tensor field are fully taken into account, the 
linear combinations appearing above are expected to be completely fixed by supersymmetry, 
although this has to our knowledge never been checked. Because the relative normalisation 
(suppressed above) between the tree-level and one-loop terms is known to contain a transcen- 
dental C(3) factor, it is impossible to get further constraints from supersymmetry that relate 
these two contributions. 

The heterotic invariants discussed above seem to have some relevance for the other theories 
as well. The absence of Yang-Mills fields makes these actions considerably simpler (when 
higher-rank form fields are excluded). The four-point amphtudes for the IIA theory were 
computed by Green and Schwarz [24, 25] and Kiritsis and Piohne [26]; we already commented 
on the five-point analysis by Vafa and Witten [2] . The result is that 



IIA 



,,,, = ^-''\lx-llz) + {lx + llz). (1.6) 



Alternatively, the sigma-model results of Grisaru et al. [14] can be used to determine this 
action. The type IIB theory [27, 28, 29] can, due to its modular invariance, be written in 
terms of a single linear combination of invariants at any loop order, multiplied with an overall 
factor in terms of the complexified coupling constant Q = C*^°^ -|- ie"*^ [30, 9], 



IIB 



^m,n){ix-liz). (1.7) 



It should be stressed that none of these type-II results have any solid backing from a super- 
symmetry analysis; the bosonic terms have been computed directly in string theory and their 
fermionic completion is as of yet unknown. 

The above summarises the current knowledge about the form of the higher-derivative ac- 
tions in string theory. Given the considerable technical difficulties that arise when one wants 
to analyse the supersymmetric completions of these actions, and the even bigger obstacles one 
faces when deriving the required modifications to the supersymmetry transformation rules, 
we will in this paper follow a slightly different path. Using information from various sources, 
namely string amplitudes, supersymmetry requirements as well as an interesting parallel be- 
tween super-Maxwell theory and supergravity, we set out to systematically analyse string- 
based higher-derivative supergravity theories. One of our main goals is to obtain enough 
information to construct the superinvariant in eleven dimensions, write down the full set of 
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modifications to the supersymmetry transformation rules and determine the imphcations of 
these modifications for the field-dependent coefficients in the supersymmetry algebra. Using 
the latter, it will then be possible to study the interplay of kappa symmetry with higher- 
derivative target space and world-volume corrections. However, there are many steps involved 
before we reach this goal. 

In the first part of this paper we re-analyse the higher- derivative invariants for the 
simpler super-Maxwell model and the coupling to an external supergravity background. We 
show how the various fermionic terms arise from string-amplitude calculations and use super- 
symmetry to fix their relative normalisation. This provides a very compact form of the results 
reported in the thesis by Suelmann [16]. 

We then show, using observations made earlier by Bellucci and Gates [31] and BergshoefF 
and de Roo [13], how the super-Maxwell results can be used to bootstrap the construction 
of the higher-derivative Ix invariant for = 1 supergravity. Since all our terms will be 
organised, right from the beginning, in a form that is adapted to string theory, we will again 
find a very compact form of the fermionic bilinears and the modified transformation rules. 
More importantly, since one can check superinvariance of this action by hand, it becomes 
feasible to try to understand the way in which generalisations to the type llA and IIB models 
can be implemented. 

We will leave such considerations for later and instead focus on the extension to eleven 
dimensions. This poses additional problems. First of all, supersymmetry is highly dimension 
dependent, so it is not at all clear whether the analysis of de Roo et al. [15] can be extended 
in a straightforward way. Another puzzle is the appearance of the tg tensors. In string theory, 
they arise from the integration of eight world-sheet fermion zero modes in the even spin- 
structure sector, while the £io comes from the odd spin structure. As this can happen for left- 
and right- movers separately, the structure of the contractions in (1.4) is very natural from 
a string point of view. Clearly, such a split is not expected to survive in eleven dimensions. 
Our analysis of the fermionic terms sheds considerable light on this issue. As we shall see, 
the part of the action bilinear in the fermions does not exhibit a complete ts ts structure, 
even in ten dimensions. In addition, it will become clear that there is an inherent dimension 
dependence in these terms which, when lifted to eleven dimensions, forces us to give up many 
of the nice tg tensors in exchange for more complicated couplings. One of the main results 
of our paper, namely the very compact form of the eleven-dimensional superinvariant (in the 
absence of gauge fields) is exhibited in (3.17). The new tensorial structures found there may 
perhaps be explained by looking at a manifestly covariant eleven-dimensional superparticle 
or membrane loop calculation using the vertex operators recently constructed by Dasgupta 
et al. [32], although we have not yet attempted to do so. 

With these results at hand, we are able to return to our original motivation for this project. 
In section 3.4 and 3.5 we compute the supersymmetry algebra generated by the modified 
transformation rules. In general, the supersymmetry algebra of supergravity theories takes 
the form 

|-^susy ^susyj ^translation _|_ ^susy _j_ ^gauge _j_ ^Lorentz (18) 

The coefficients on the right-hand side are, however, not necessarily simply functions of the 
supersymmetry parameters ei and €2 appearing on the left-hand side; rather, they can (in 
an on-shell formulation without auxiliary fields) depend explicitly on the supergravity fields. 
With the a' corrections in place, each of these coefficients can pick up correction terms as 
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well. Focussing on the translation part, we have for instance 

[6ig,e2g]e/ = r5,e/ + -- - , (1.9) 

where the translation parameter is — 2{eiV^e2) + • • • , the dots indicating field-dependent 
a' correction terms. In the superspace formulation, the algebra is generated by supercovariant 
derivatives, 

{Da,D^}=Tai:- Dr. (1.10) 

In other words, the structure of the bundle tangent to the supermanifold reflects the compo- 
nent-field supersymmctry algebra, and the link is provided by constraints on the superspace 
torsions. Consequently, corrections to the algebra are in direct correspondence with mod- 
ifications to the classical superspace supergravity constraints. Indeed, as has been shown 
by Howe [33], such corrections are expected to be necessary in order to describe modifica- 
tions of the eleven-dimensional supergravity theory. Since our analysis provides us with the 
full set of modified field transformation rules, we can derive the required superspace torsion 
constraints. 

Within the limitations of our analysis (we do not consider variations proportional to the 
gauge field), we find that there are, however, no corrections to the supersymmctry algebra 
arising from the lifted Ix action. Consequently, the modifications to the superspace torsion 
constraints anticipated by Howe [33] and Cederwall et al. [34, 35] will have to follow from a 
more elaborate analysis involving also gauge-field dependent terms in the superinvariant. In 
the last part of this paper we discuss possible explanations for and implications of this result. 
Our techniques can be used to include gauge-field terms in the analysis as well, and work 
along these directions is in progress. 

For reference, we have included an appendix on the first- and second-order formulations of 
the N = 1 supergravity theories in ten and eleven dimensions. Most of it is not new, but the 
reader may find it helpful to have the entire derivation of these standard actions spelled out 
in one place, together with an explanation of the origin of various normalisation factors which 
have been quite crucial in our analysis. A second appendix collects details on the expansion 
of the tensor, a number of useful gamma-matrix identities and the conventions used in this 
paper. 

2 First step: stringy construction of the action 

2.1 Effective actions and field redefinitions 

As the first step in our construction of the supersymmetric {a'Y corrections to the supergravity 
actions, we will tackle a related problem, namely the construction of the (a')^ corrections to 
the super-Maxwell action in ten dimensions. This invariant has been constructed before by 
Metsaev and Rakhmanov [10], and the non-abelian case (which we will not address) was 
subsequently worked out by Bergshoeff et al. [11].^ We will also discuss the couphng to 
supergravity which was worked out by Suelmann [16]. However, as we will be using string 
input, we are able to rcdcrive these results in a much simpler way, and at the same time this 
approach allows us to see how to generalise the invariants to the supergravity actions. In 



^We should also mention that a supersymmetric version of the ten-dimensional Born-Infeld action has been 
constructed by Aganagic et al. [36] by gauge-fixing the kappa-symmetric D9-brane action. 
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the present section we discuss a number of general issues, while the following two sections are 
concerned with the string analysis and the supersymmetry constraints respectively. 

The field content of the on-shell super-Maxwell theory consists of an abclian vector 
and a negative-chirality Majorana-Weyl spinor x- We also consider the interaction with the 
vielbein e^'', the negative-chirality Majorana-Weyl gravitino and the two-form B^i, of the 
supergravity multiplet. At the lowest order, the super-Maxwell action coupled to background 
supergravity is given by (we have normalised the fields in such a way as to make comparison 
with the supergravity calculations using the conventions of appendix A simple) 



J d^Ox e [ - IF.^F'^'^ - 8 x0Hx + 2 xm^'^l^^, F,, ] (2.1) 



(the coupling of the gauge field to the gaugino is identically zero in the abelian case due to 
the fact that the gaugino is Majorana). This action is invariant under local supersymmetry, 
under which the fields transform according to the following rules: 

6A^ = -4eT^X, 

6x = Ir^^'eF,, , (2.2) 
SF^, = -8 (L'[^(u;)e)r,]x + 8er^^D,^{u;)x ■ 

We have not displayed the gravitational part of the action (see appendix A for details and 
references). The only coupling there consists of the usual shift of the field strength H^j^p of 
the two-form 5^,^ by the Yang- Mills Chcrn-Simons form. The contribution of that term to the 
equation of motion is irrelevant in the variations of the terms that we consider below. However, 
in order for local supersymmetry to work out we still have to consider the transformations of 
the supergravity multiplet fields: 

(5e/ = 2erV^^, 

6ij^^D^{u;)€+--- , (2.3) 
SBf,^ = 2er[^V^^] . 

The dots represent terms proportional to the field strength i/^,,yp of the two-form B^i, which 
again will not be needed for our calculation below. We have suppressed the dilaton as it only 
transforms into the dilatino and we do not consider variations proportional to the latter. The 
transformation rules above are given in the string frame. 

The equations of motion that follow from the above action are 

S(Ar = -^4f = ^^^"^ -AD,{xT^T^^^|;,) , (2.4a) 

m) = -f-^ = Wr^{D^(u;)x - Ir^'^.Frs) =: IGT'^X,- (2.4b) 

The derivative on the gaugino is not supercovariant, i.e. it picks up a derivative of the super- 
symmetry parameter e, in contrast to the hatted object appearing in the equation of motion 
for the gaugino. In the higher-derivative action, the identity 

]p{u;)x = Im^'i^.Frs + (x) (2.5) 
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can be used to trade derivatives on the gaugino for terms proportional to the lowest-order 
equations of motion plus terms proportional to the gravitino, and will be used repeatedly 
below. We stress that it is an expression which is non-linear in the fields, and therefore, 
when used in the amplitudes, can produce a five-point interaction from a four-point string 
amplitude. 

There is considerable ambiguity in the structure of the on-shell higher-derivative effective 
action, due to the fact that field redefinitions can be used to remove higher-order a' terms 
proportional to the field equations; see for instance Tseytlin [37] for an overview of this problem 
from various calculational points of view. As the field equations involve both gauge fields as 
well as fermions, we have to be very careful about the field-redefinition freedom. If the action 
at higher order in some coupling constant g contains terms proportional to the equations of 
motion obtained from the lowest-order action, as in 

= SM +g fdx R{cp{x), d4>{x)) , (2.6) 

these can be removed by a field redefinition: 

<f>^<f>-gR{<f>,d(f>) ^ S[<f>]^So[<P]+0{g^). (2.7) 

Similarly, higher-order terms in the variation of the action under some transformation 5x(p 
which are proportional to the lowest-order equations of motion, 

SxS[<P] = Vo[<P] +gjdx v,{<p{x), d<P{x); A) , (2.8) 

can be removed by a modification of the field transformation rules: 

^ <5a0 - gVM d(t>; A) ^ 5^S[(t>\ ^ + 0{g^) . (2.9) 

In addition to these two mechanisms, we will also encounter terms that are zero in a specific 
gauge. In particular, terms proportional to the spin-1/2 part of the gravitino or terms involving 
the de Bonder gauge condition of the graviton are identically zero in string theory. Such terms 
can, however, not be removed by a procedure of the type sketched above, and they have to be 
kept for the supersymmetric completion. 

We should finally comment on the field redefinition freedom involving rescaling by powers 
of the dilaton (see also appendix A). In (2.3) we wrote transformation rules which do not 
involve the dilaton on the right-hand side. The existence of a particular frame in which the 
transformations take such a simple form is related to the scale invariance of the heterotic 
(see the work of Kallosh [38] and Kallosh and Nilsson [39]) and type II supergravity theories. 
In this frame — the string frame — the classical supersymmetry transformations only involve 
derivatives of the dilaton (as was observed by Bergshoeff and de Roo [13]). Since the string 
genus expansion is ordered by powers of exponentials of the dilaton, classical supersymmetry 
thus does not mix string loop orders. Moreover, the higher-order modifications to the super- 
symmetry transformations that we derive in this paper do not contain the dilaton, and thus 
also respect the genus expansion. 

2.2 Tensor structures from string amplitudes 

In order to get a covariant result, which is by far the most convenient starting point for the 
supersymmetry analysis, we employ the covariant formalism to compute the string amplitudes. 
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Moreover, the tensor structures arise here in a very simple way from the operator products of 
world-sheet fermions, whereas a manifestly space-time supersymmetric approach would require 
complicated fermion zero-mode integrals to be performed. We will comment further on such 
alternative approaches in the conclusions. 

There are few detailed accounts of string amplitudes with external fermions in the literature 
(for exceptions see Green and Schwarz [24, 25] for a light-cone approach and Atick and Sen [40] 
and Pasquinucci and Petrini [41, 42] for covariant calculations). Let us therefore first review 
some of the formalism and present the required technical details. For other texts on this 
subject the reader is referred to the book by Liist and Theisen [43] and the review by D'Hoker 
and Phong [44] . Some of the subtleties have, however, only been discussed in the papers cited 
below. 

In order to find the higher-derivative action we analyse string amplitudes with two external 
fermions. The relevant vertex operators are given by 

Vf {k) = J d^z : {idX" + ^k-^ *'^) e'''-^ : , 
V(-^/^){k)= jd'zx-.Sle-'^/'e''-'':, 

V^-^^ {k) = J dh B^^ : e-^^'^'dX^'e'^-^ : . 

for the abelian gauge field, the abelian gaugino, the gravitino and two-form gauge potential, re- 
spectively (as we will not determine precise normalisations of our amplitudes, we have ignored 
any overall factors in the vertex operators listed above). The right-moving sector carrying the 
abelian gauge degree of freedom has been omitted. The world-sheet bosons are denoted by 
X^, while \E'^ are the world-sheet fermions and is a bosonic field representing the ghosts 
[45]. The spin field has positive space-time chirality and arises purely from world-sheet 
fermions of one chirality, associated to the left-moving sector after imposing the equations of 
motion. 

All of the vertex operators above are taken in their canonical ghost picture, as deduced 
by linearisation of the string action. The ghost charges are balanced by inserting a sufficient 
number of copies of the picture-changing operator 



(2.10) 



Jk-X . 



Y{w) := Tpe'^iw) = ^ e'f{w) (2.11) 

at arbitrary points in the correlators (in the odd spin-structure sector, one always gets at least 
one power of the picture-changing operator from integration over the odd supermoduli). The 
end result can be shown to be independent of these arbitrary locations (see Priedan et al. [45], 
Verhnde and Verhnde [46, 47] and in particular also section 3.2 of Pasquinucci and Roland [48] 
for an explicit example). One may be tempted to use the vertex operators in different pictures 
by taking the insertion points of Y{uj) to coincide with those of the vertex operators. As 
was shown by Green and Sciberg [49], this requires very careful treatment of terms in the 
vertex operators that are proportional to the world-sheet equations of motion. These extra 
pieces have been interpreted as vertex operators for the N — 1 auxiliary fields of the gauge 
multiplets [50]. This phenomenon, specific to = 1 superstring models (the heterotic and 
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the open string), does not occur for type II superstrings. Since the origin of the tensorial 
structures for the type II invariants are the same up to modifications we will explain later, we 
adopt a more symmetric procedure, similar to the computations of Atick and Sen [40]. 

In order to compute the operator product expansions, we need the following building 
blocks: 

^^(z)^,{w) = + finite , (2.12) 

z — w 

Xf'{z,z)X''{w,w) = -la'7]'"'\n\z -wl+fLuite, (2.13) 

— TTO'' 

dX^iz, z)dX''{w, w) = — T^^'^S^z -w)+ finite , (2.14) 

X^{zy^-^ = -\io/ k*"^^-^ In(^) + finite . (2.15) 

For the ghost we have 



e 



9i^(^)e920(o) _ ^g(5i+<z2)<^(^) ^ gnii-g _ (2.16) 



The operator products of the spin operators are slightly more complicated, as we need some 
finite parts as well. One finds 

S^{z,z)®S^{^)^2-^ ^(7'+Cr'^^-'^"7'+) :*^i---*;.„:^-'/'+"/', 

n=l,3,... 

S^{z, z) ® >S-(0) = 2-^ ^_{V+Cr'''-^-V-) • • • : z-V4+n/2 ^ (2.17) 

n=0,2,4,... 

S^{z,z)^^'{0) = {Cr^')S^z-^/^ - i{Cr'') -.S^^^"^^-. ^^/^ + finite. 

The objects are projectors onto positive and negative space-time chirality. These identities 
hold for both left- and right-handed world-sheet sectors. We refer to appendix B for further 
details about our conventions. 

There are two strong constraints that have to be satisfied for a particular vertex operator 
product to give a non- vanishing expectation value: the fermionic ^ zero-mode integrals (when 
present) have to be saturated and the total ghost number has to cancel the ghost charge of 
the vacuum (or in other words the ghost zero modes have to be saturated as well). When 
integrating over the world-sheet fermions ^ there are ten fermionic zero-mode integrals for 
odd spin structure. This implies that in this sector the integral picks out the part of the vertex 
operator product that depends on ten \['s. The result is an tensorial structure. For the even 
spin structure there are no restrictions on the number of world-sheet fermions. An integral 
over eight ^Ps with anti-periodic boundary conditions can be rewritten (through the usual 
bosonisation and refermionisation procedure) in terms of an integral over a space-time fermion 
9 with periodic boundary conditions. The resulting tensorial structure corresponds to the ts 
tensor. For smaller numbers of fermions, other tensorial structures will appear. Concerning 
the ghost number cancellation, recall that the Riemann-Roch theorem yields 2g — 2 for the 
difference between the number of f3 zero modes minus the number of 7 zero modes. For our 
one-loop considerations, we therefore have to consider vertex operator products with total 
ghost-charge zero. We refer the reader to section 12.6 of Polchinski [51] and to Verlinde and 
Verhnde [47] for more details. 
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even spin structure: 



(0) 



(-1/2) 



dX^ S+ 
BX" 



S+ 



odd spin structure: 



y(-l/2) 

S+ 



y(-l/2) 

5+exp(ifcX) 



(-1) T/(0) 



Tf 

dx^ s+ 
Bx 



(-1/2) 



s+ 





^ A 


' A 




:A;**: 




:A;**: 


T/(-l/2) 

5+ 




^(0) ^ 


* tsiX^rVrrT^rX^T^rr^rr 


y-V2 

5+ 








vr 












> 




Tf 

iBX^: 


vr 




^ ^ T r\ 1 1 ««««««« /y« A'' 1 / ' 




Vf 














vr 


vr 


> 

^(0) > 










^ ^10 {'^r^rrrX)-^rr-^rr-^rr 



Table 1: Vertex operator products for the heterotic string leading to the supersymmetric 
completion of the F'^ effective action. The top row shows the vertex operators, while the sec- 
ond and third row exhibit the relevant fields in the left- and right-moving sector respectively. 
The given products are those relevant for one-loop amplitudes and Abelian gauge group; the 
first column shows the relevant terms from each vertex operator in the product, while the 
second column shows which terms in the effective action are generated by the amplitude on 
the left. The spin structure from which the various terms originate has been indicated. The 
gauge part and the ghost factors, being trivial, have been omitted. Plane-wave exponentials 
are only displayed whenever they are non-trivially contracted. The precise index structure 
of the terms in the last column is exhibited in (2.22). 
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The first corrections to the action (2.1) come in at order (a')^ relative to the classical 
action. As the term arises from a four-point function in string theory, one may expect that 
the fermion bilinears which are related to it by linear supcrsymmetry can also be obtained by 
considering four-point functions only. This turns out to be true when considering only global 
supcrsymmetry invariance, but local supcrsymmetry forces us to consider both four- and five- 
point functions (see in this context also the work by Grisaru et al. [52, 53] which discusses 
a related but not quite identical issue). Table 1 lists all the various operator products that 
occur. Many of them are straightforward to obtain so we will here just comment on the more 
subtle ones. 

In the even spin-structure sector, there is a term which receives contributions from only 
six world-sheet fermions. Only the charge conjugation matrix is kept in the product of the 
spin field with a world-sheet fermion, and using the first term of the third identity in (2.17) 
one obtains 

S+ O 5+ ^'^ ^'^i^'^^ ^i'3^v4 ^ X n'"''ri''^'''ri''^'' . (2.18) 

The dX^^ from the picture-changing operator is contracted with the plane-wave factors of 
the fermion vertex operators. Since we are only interested in this leading contribution the 
remaining correlation function between the plane-wave factors is approximated to one 

(jl e'^'''-''^ ~ 1 + 0{e) . (2.19) 

This contribution has the correct (anti-) symmetry in the labels of the external (fermions) 
bosons. 

Another tricky term in the even spin-structure sector is the one on the second line of 
table 1. Here one has to keep, for each of the operator products of a spin field with a world- 
sheet fermion, the term {CT^)'^^. The result is 

S+ ® S+ -^i" ^'^i^'^^ ^'^^^'^^ ^ TJ^pVx X i^M'^'^i'^2z^3<^4 (2.20) 

The fermions ^ have been contracted in the usual way [51] to obtain the tg-structure, while 
the plane-wave part has been treated as before. This contribution to the amplitude is already 
symmetric in the labels of the external gauge bosons, and the anti-symmetry in the labels of 
the external gaugini forbids the appearance of a Typ\ term. The final form of this contribution 
is therefore 

The other products are straightforward. In the next section we will use supcrsymmetry to 
determine the precise coefficients of these terms. 

2.3 Supersymmetry of the higher-derivative effective action 

The analysis in the previous section has provided us with all the distinct tensorial structures 
of the fermion bilinears appearing in the supersymmetric completion of the F"^ action. Since 
we did not compute the full amplitudes, we have not obtained the normalisations of these 
terms. However, the normalisations can easily be fixed using supersymmetry. As we will show 



13 



in detail in this section, the correct combination of terms is given by the following action: 



(a 



32 



Ip F ...F + ^s^''^ B F ■■■F 

t-g ± j.^r2 ^ rrrs ~ 12 10 ^rir2^ tsta ^ rgrio 



rrrs 



+ 



12-32 



51^10 ^XJ- r\■■■rhX.r%)Pr^r%P^ 



(2.22) 



+ 3 e ig ('0r-^rr2X)i^r3r-4-^r5r-6-^r-7r-8 



3^ e 4 ^ 



rsre 



Here t 



(r) 



e-'^^ and e 



(r) 
10 



g-n -r-io ^jig pypg gauge-field terms in this action taken together 
with (2.1) agree with the expansion of the Born-Infeld action to the corresponding order (and 
we used this correspondence to fix the overall normalisation of (2.22)). Our result is minimal 
in the sense that we have not included any terms proportional to the lowest-order equations of 
motion. Indeed, this is perhaps the most natural thing to do, given our on-shell string results. 
Anyhow, such terms can always be eliminated by field redefinitions. 

The action above displays several surprising features. The most striking one is perhaps the 
explicit dependence on the spacetime dimension arising from the contraction of t^l^ indices in 
the term on the second line (the tensor 77^2^3 ^^^^^ term originates from the gamma matrix 
product in (2.21)). The dimension dependence makes it clear already at this point that some 
of the stringy structure will be lost when going to eleven dimensions; we will address this 
point in more detail later. Secondly, one observes that there is a term which does not have 
the t^l^ at all, due to the fact that it only involves six world-sheet fermion zero modes. 

In order to compare the result (2.22) to equation (C.9) of Suelmann [16], one has use the 
gaugino equation of motion (2.5) wherever possible in order to produce additional gravitino 
terms. In this way, one arrives at the following Lagrangian (from here on we will write just D 
instead of D(a;)): 

(a')-'>Cp,o, = -^e((F2)2-4F^) 

I J_ iit2ri-r8 U. . F ■ ■ - F 



(a')-'>Cr[ii = -4e(xr^L>'^^x)i^; 



rir2 



r[3l = 



a ) £r[6l 



Tin = 



+ |e(^^r-'-^'-^x)i^.%2 

+ e(^^-^r^^'^''^x)i^n.2i^t4' 
+—e({b r'^'-i--^6y)F F F 



(2.23) 
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(Here F^^ := FmpPPn-, F"^ '■— FmnF'^"^, etc.) The terms and C^^^ receive contributions 
from both the four- and five-point functions; the coefficients arise as | = — and — 3 = 1 — 4 
respectively. 

We should comment on the fact that we dropped the terms proportional to the equations 
of motion when going from (2.22) to (2.23). The underlying idea is that string theory cannot 
give us any information about such terms, so from this perspective the two actions are equally 
good. When we discuss supersymmetry of the action, and the required modifications to the 
transformation rules, wc will always start from (2.23). The transformation rules of the fields 
which appear in (2.22) pick up additional modifications due to the fact that they are related 
to the fields in (2.23) by a field redefinition. 

Let us now exhibit supersymmetry in detail. For pedagogical purposes, we write the 
variation of the above action in a form which makes it easy to read off the global supersymmetry 
invariance when the gravitino is set to zero identically. Repeated use of the Bianchi identity 
and the lowest-order equations of motion for the gauge potential leads to the following result 
for the variation of the terms derived from a four-point calculation: 

(a')-^54,o, ^ + e (xr-6)L>-(F^F.,., - 

(a')-'54w = - e{xr^r'''D^-e)F,,r,Fl^^ 
+ 2e(xr^r^'^^e)F2,^D,3F^%, 

- |e(xr-r3-e)L',,(F,3,,F^) 

- e(xr^e)L>'-^(FXr.-4F,^,.J 
+ \e{xr'^^'''e)Fr,r,Fr;-^S{AU 
+ e{xr-e)F^;-S{A\, 

- \e{x^^^e)FH{A\,, 
(a')-'54[3, = (xr-r--«e)L>„(F,,,, • • • F,,,J 

- e(xrT^«^^6)F4,D,,F'-%, 
+ \e {x^^-r''^e)Fr^rADr,F^\.)F''\, 

- \e{xT'^^-^'e)Fr,r,Fr;-E{A)r, 
+ \e{xT''-t)F^£{AU. 

The arrow in 5L\.^ indicates that we have not yet considered the transformation of the vielbein. 
The column on the right-hand side lists symbolic names for terms which still have to be 
cancelled. The 8{ ) lines indicate terms proportional to the equations of motion; see (2.4a) 
and (2.4b). The quickest way to arrive at the above result is to integrate away from the 
gaugino, leave all terms with derivatives on cpsilon alone, and then write all r'^J terms as 
r[i]r[2] products. After that, the derivative index can be made to contract onto the single 
gamma matrix by Bianchi cycling, yielding gaugino equations of motion. The remaining 
terms are single gamma terms. 

We should stress that in the above variation, it never happened that we got a dimension- 
dependent factor (which could in principle occur when contracting gamma matrices). This 



(2.24a) 

Z2 
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fact will be very important later on in the supergravity generalisation. 

The Gi terms in (2.24a) are zero in global susy by using the gaugino equation of motion; 
note that their sum can be recast in ts form as 

The Zi terms are zero identically in global susy. The above shows that the action without 
gravitini is invariant under global susy. 

For local susy, we are now left with the following terms in the variation of terms coming 
from the four-point functions: 



2 



-le{er'x)D''{Fr,r,F'), X, 

+ e(er'^''W^^x)Frsr,F^,r, Xn (2-24b) 

+ e(er^^-^^x)D^-(Fr,r,F^^J Xs 

+ 2e{erW^^x)F' X12 



+ 2e{er^x)D^^iF^,J ^ 



2 



+ |e {er--^^x)D'^'iFr,r, ■ ■ ■ F^.r,) . X, 

The four different blocks come from Gi, G2, Zi and Z2 respectively. These terms will have to 
cancel against the variation of the terms derived from a five-point calculation in string theory, 
namely the terms proportional to the gravitino. For those five-point terms, we integrate away 
from the supersymmetry parameter and use the identity (2.5) whenever possible. The upshot 
is: 

(a')-'<^4w = + {eV^'D^^x)Fr,r,F'' 

+ \e{eV^'x)D'-'Fr,r,F'' X^ 
~I~Q2^(^ r c^F^-^rf^Fj-^j-^F 



32' 

+ ^e(V^-r-6)F,%^F2 

(a')-'54w = - 3e {erWx)F^,r, ^12 

- 3e{er'x)D''F^^,^ X2 

- |e(^^T'-^'-3r4,)^3^^^^^^^ 



- fe(V'^T'-^6)F,^ 



(2.24c) 
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+ 



(«')-'<[3, 



n-2 



5>C 



ris] 



- 2^ 



+ |e 



64 



a ) 5£rm = -334^ 



768^ 



64 

+ |e 



-prir2pmpr-3r4 

eV^^^^^X)Dm{Frrr,F^) 



er^^^S{x))F; 



rir2 



er^-^--^x)Dr,F^^^^ 
er'''''^Wx)Fr,r,F, 
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Jre-prir2r3-pr4r5 \ p p p2 
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(2.24c cont.) 



rsre 



J.mT^rl■■■r5T^r6r^\Tp jp _ rp 



er'''-''W^x)F, 



rir2 



r^re ■ 



The last step consists of showing that the ipTe terms cancel, which makes contact with the 
remaining unused transformation rule, namely the one of the vielbein. Expanding all the 
gamma-matrix products in the expression above, we obtain in this final step the variations 



+ \e{er^rnF\,r2F' 



2e{er'iP''')F' 



rir2 



(Q;')"^(5£p[i] 
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rir2 ^ rrrg 
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All terms cancel which proves supersymmetry of the action (2.22). 

If we had not started with the input from string theory, but had tried to obtain the 
fermionic terms directly using supersymmetry, things would have been much more difficult. 
While it is definitely possible to find the higher-order F terms in (2.23), the lower-order terms 
are hard to guess due to the fact that there is no 4^^^ tensor present. On the other hand, 
obtaining the unexpanded form of the action (2.22) is also complicated, as it relies on the 
subtle mixing between terms with four and terms with five powers of the fields. Altogether, 
we have found the string input crucial to understand the super symmetric completion, even 
though supersymmetry has played an essential role in finding the 'non-standard' five-point 
contact terms. 



2.4 Modifications to the transformation rules 

We have so far not discussed the terms in the variation that are proportional to the equations 
of motion. As was explained in section 2.1, these terms can all be absorbed by modifications 
to the field transformation rules at order {a'Y ■ For the globally supersymmetric action, one 
obtains from (2.24a) that the new transformation rules are 



AeV.x - W^,X)F' - {^'^X)F' - |(6-F^-"-Vx)F,,,,F, 



r3r4 



"A 8^ '^^ l^v ~ -jQ^y-^ ) Y'S ^ rjrs'^ ^ } ^ r\r2^ rzri^^ r^r^x • 



(2.25) 
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Using these modified transformation rules one can now verify that the modified gaugino equa- 
tion of motion is again supercovariant. This equation can be read off from the action (2.23) 
in a straightforward way and one indeed finds that 

(5(«r + ^K)^) 4?^!_LM ^ independent of De . (2.26) 

This constitutes an independent check of our results and is required for the equations of motion 
to sit in a supermultiplet. 

We can now compute the commutator of two supersymmetry transformations (though only 
on the gauge field; the commutator on the gaugino requires knowledge about higher-order fermi 
terms in the modified transformation rules). It turns out that the structure coefficients of the 
algebra are unmodified as compared to the lowest-order ones: 

+ + en^. - [e^ en^. + o^ar) . (2.27) 

Note that all of the modifications in (2.25) are needed to make the (a')^ contributions cancel. 
The above result was obtained previously by Metsaev and Rakhmanov [10] and generalized 
to the non-Abelian i8tr(F^) action by Bergshoeff et al. [11] with the same conclusions. When 
we extend their result to include the coupling to the gravitino background, (2.24a) no longer 
produces equation-of-motion terms for the gaugino (because one no longer performs a partial 
integration of the Gi + G2 terms). However, one finds that the same modifications to the 
gaugino transformation rules are now obtained from the equation-of-motion terms in (2.24c) 
instead. In order to determine the algebra, one would of course need to have information also 
about the gravity sector which have not addressed so far. 

Before we proceed to the analysis of the supergravity invariants, let us note that the fact 
that the structure coefficients of the supersymmetry algebra arc unchanged for super-Maxwell 
is compatible with the observation that standard superspace (i.e. superspace for which the 
canonical dimension-zero torsion constraint Tab^ — 2 (r^)a(, is imposed) is sufficient to describe 
the super-Born-Infeld action. This is most explicit in the construction of the N = 1 action 
in four dimensions, which can be done in a power-series expansion in the standard vector 
superfield; see in particular section 3 of Bagger and Galperin [54]. Of course, an analogous 
formulation in terms of an unconstrained superfield does not exist in ten dimensions, but our 
results nevertheless show that the superspace geometry does not have to be changed in this 
case either. 

Let us now turn to the supergravity case. 

3 Second step: completion of the VF^ action 

3.1 From super-Maxwell to supergravity 

In the previous section we derived the compact form (2.22) of the leading higher- derivative 
string correction to the super-Maxwell action in ten dimensions, including the fermion bilinears 
required for supersymmetry and the coupling to the supergravity background. As should be 
clear from the lengthy supersymmetry analysis, the information we used from string scattering 
amplitudes was crucial to enable us to organise the terms in a systematic way. Such additional 
string input is also helpful in finding the supersymmetric completion of the higher-derivative 
corrections to the supergravity action, although for this case we fortunately do not have to start 
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the calculations from scratch. In fact, with the string-inspired higher-derivative super-Maxwell 
action (2.22) at hand, it turns out that no additional string analysis is actually needed to arrive 
at the supersymmctric completion of the invariant Ix due to the existence of a very close 
formal similarity between the super-Maxwell supersymmetry structure and its supergravity 
analogue. As a consequence, most results derived in the previous section can be mapped in a 
straightforward way to the gravity case, with only a few easy-to-handle exceptions; the details 
of the procedure are given below. Once the construction of the supergravity invariant for the 
N = 1 case is completed, we will comment on extensions to the type II theories and then show 
explicitly how to lift the analysis to eleven dimensions. 

The main ingredient in the construction of the supergravity invariant for the A'^ = 1 
model in ten dimensions is the strong parallel between the super-Maxwell field transformation 
rules (2.2) and the on-shell, lowest-order supergravity ones obtained from (A. 6) and (A. 28), 
which we redisplay here for the convenience of the reader in a form that highlights the simi- 
larities: 

(3.1) 

5F^, = -8D[^(er,]x) , 5R^J' = -4D[^(er,]^'-^ - 2 eT^'ijj'K^) + ■■■ . 

(In addition, the transformation laws for the vielbein, the gravitino and the two-form potential 
as given in (2.3) apply in both cases.) Crucial for the correspondence is also the fact that the 
super-Maxwell identity (2.5) has a direct analogue in (A. 35) on the supergravity side: 

IPX = IV^V^^^i^m i^^. + • • • , IPi^rs = IV^V^^i^m R^.rs + ■■■■ (3.2) 

In both (3.1) and (3.2) the dots indicate terms of higher order in the fermionic fields and/or 
terms proportional to the lowest-order equations of motion. For later use, it is important 
to observe that the supergravity results quoted above are dimension independent, essentially 
because of the fact that we did not include the dilaton or any gauge-field dependent terms. 
More information can be found in appendix A. 

In the transition from the Maxwell case to gravity, one is led by the above equations to 
make the tentative substitutions 

X -08182 , (3.3) 



in the action (2.22), while inserting at the same time an additional tg tensor to saturate the 
extra vector indices introduced in the process. The origin of this 'trick' — which indeed turns 
out to be most useful in spite of the imperfect match between the transformation rules for the 
gauge-field strength and the Riemann tensor — becomes evident when one compares the string 
amplitudes involving the super-Maxwell multiplet with those involving the supergravity fields, 
as we do in the next subsection. 

However, let us first explain in more detail how the differences between the super-Maxwell 
and the supergravity cases arise from a supersymmetry perspective. One source for these 
differences is the mismatch between the gauge-potential and the spin-connection transforma- 
tion rules, carrying over to the transformation rules for the corresponding field strengths (in 
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other words, the map -FVir2 ~^ -Rrir2SiS2 does not commute with supersymmetry). Rewriting, 
trivially, the Riemann tensor transformation rule in (3.1) as 

(3.4) 

+ 4L>[,, {err,}^''' + 2 er^'^r^K,]) + ■■■, 

the first line is what the transformation rule would have looked like, had the naive matching 
with the super-Maxwell case been sufficient. Putting it differently, given the mapping (3.3) 
and the accompanying introduction of t^^ ^ applied to the higher-derivative super-Maxwell 
action (2.22), this part of the transformation acting on the R"^ term thus generated will conspire 
with the variations of all the remaining terms in the 'naive' action to produce a vanishing result. 
We are then faced with the puzzle that there is nothing left to cancel the contribution from 
the second fine of (3.4) to the variation of the term, which after partial integration can be 
written as: 

6 • 32 (a ) A 48 6^8 ^tg ^ (eTryl/jsrss '^^^ss'4^rrsr) iDj.gRrir2SiS2}-^r3r4S3S4-^5r6S5S6 ■ (3-5) 

A key observation that points towards the resolution of this puzzle, is that the second term 
above exhibits non-trivial mixing between the left-moving r-indices and the right-moving s- 
indices. This fact, in turn, leads us to examine the effects of such mixing on the naive gravitino 
bilinears; indeed, using the cyclic identity (A. 34) on the gravitino curvature, one can show 
that 

r2SiS2 ' ' ' ^rsressse ~l~ (rg <— >■ S7) | 



srssmn 



~l~ 4(0^1 ~l~ Oi2}Gtg tg (eF Iprr^RnrssTSgRrir^sis^ ' ' ' Rrsressse 
+ («! -I- Q;2)e4'"^4^^(err7-Dr8'0S7S8)-^nr2SiS2 ■ ■ ■ R 



(3.6) 



-\-3cXiCtg tg (y(^^r-!^srss^(,-^rsRrir2SiS2^Rr3r4S3S4,RrBr6S5S6 
60126^8 ^8 (^r'sg'^j-ysr) (-^r8-^r'ir'2SiS2)-^r'3r'4S3S4-^r5r6S5S6 ■ 

Comparison with (3.5) immediately shows that adding to the naive action terms of the above 
kind with relative weight such that cti + 0:2 = produces a variation of precisely the kind that 
we are looking to cancel. In particular, choosing the coefficients of these additional terms as 
ai = — ^(tt')^"i 2^2 = ^('^O'^'T' I'espectively, leads to the supersymmetric completion 
of the i?^ invariant. 

However, before we are ready to down write down the result, we need to address the 
second point on which the super-Maxwell and the supergravity cases differ. Since it is more 
natural from a string theory perspective, we would like to present the action in a form in 
which all terms proportional to the lowest-order equations of motion have been subtracted. 
This amounts to making the substitution 

RmJ' ^ Wmn"' - ^S^mHi^^rl^^V " V^'^^'r^Vn].) (3.7) 

wherever the Riemann tensor occurs in the action. Here we again made use of the results (A. 31) 
and (A. 32) of appendix A. Prom (3.7) it immediately follows that the extraction of equation- 
of-motion terms is, with one exception, achieved by simply replacing the Riemann tensor by 
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the Weyl tensor. The sole exception is the term, from which a new term bihnear in the 
gravitino appears (strictly speaking one would also get a new gravitino bilinear from the BR^ 
term, but that one does not contribute to any of the variations we considered, so it falls outside 
the scope of our analysis). This term, given on the second line of the action below, lacks a 
partner on the super-Maxwell side. Let us also mention that when subtracting the equation- 
of-motion terms we implicitly used the fact that the super symmetry variation of these terms 
is again proportional to the equations of motion (see section 2.3 of Bergshoeff et al. [55] for 
more on this issue). 

Finally, we are in a position to write down the supersymmetric completion of the A'^ = 1 
invariant Ix in ten dimensions: 



1/= T/l/ T/l/ J- —p-^^'^+^^'^R T/f/ T/f/ 
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(3.8) 

Notice the term on the penultimate line, which introduces left-right mixing in the action. 
Note also that the coefficient of the term on the preceding line is different from the naive 
super-Maxwell value. 

An alternative, perhaps more elegant way to resolve the discrepancies between the super- 
Maxwell transformation rules and those of the supergravity multiplct can be found in the liter- 
ature (see e.g. Cai and Nunez [17], Gross and Sloan [18], Bellucci and Gates [31] and Bergshoeff 
and de Roo [13]), although it is strictly bound to ten dimensions (which is why we did not 
adopt it above). It consists of using a spin connection with if-torsion, which is defined in the 
string frame as 

While one usually considers this shift to incorporate the effects of the field strength H in the 
action, the fermionic terms are also important. The above combination, in contrast to the 
spin connection itself, transforms in a nice way under supersymmetry: 

5n/'^-AerJ'\ (3.10) 

It is easy to see that by using W{Q) instead of W{u!) in the bosonic part of the action, one 
generates upon expansion precisely the fermionic terms with left-right mixed indices (the term 
linear in the field strength H drops out) and one obtains the naive generalisation of the super- 
Maxwell action. The above argument does, unfortunately, not have an obvious generalisation 
that applies in arbitrary dimensions. 
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(r) 

In analogy with the discussion of the super-Maxwell action, let us expand the tg on the 
left- moving side to arrive at the analogue of (2.23) (all indices have been lowered for esthetical 
reasons) : 
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Written in this form, all direct dependence of the action on the space-time dimension can be 
made explicit, as we indeed have done in the rightmost column. This makes it suitable for 
lifting to eleven dimensions, an issue we will return to in section 3.3. Next we will, however, 
discuss the string-theory origin of the terms in (3.8). 



3.2 String-amplitude calculations and extensions to type II theories 

We have intentionally not started with a string analysis for the gravity there are several 

additional tricky elements there as compared to the super-Maxwell situation. Nevertheless, the 
action (3.8) can be understood also from a string point of view, as we will explain in the present 
section. In addition, this allows us to make a few comments about possible generalisations of 
the superinvariant to the type llA and IIB theories, although wc arc at this moment not able 
to give a detailed discussion of those cases. Readers who are more interested in the lifting 
procedure to eleven dimensions can skip this section and continue with section 3.3. 

Let us first discuss the vertex operators for the gravity case. We will focus on the type 
IIA/IIB theories as those are slightly more complicated, but the heterotic results can be 
extracted without too much difficulty. Again, because the explicit forms of vertex operators 
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in various pictures are scattered in the literature, we list here the vertex operators which we 
need. In the NS(8)NS sector we have the graviton, dilaton and two-form operators, combined 
into 

Vg(0'0)(fc)= y"d^zCM^ + X (iaX'^ + ^A;-^^^)e^'=-^:, (3.12) 

V^-^'-^\k) = J dhC^^ :^M^^e-^-V^-^: . (3.13) 

The C/ii/ denotes the polarisation, while and are the usual world-sheet bosons and 
fermions. In the R(8)NS sector we have the operators for the gravitino, 

J d'^z i), : Se-'^'^{idX'' + ^k-^> ^•')e'''-^ : , (3.14) 

J d^zi^^r^ -.Se^/^idX^" + ■ "if 'i/''){idX'' + ■ ^ ^•')e'''-^ : . (3.15) 

As with the super-Maxwell vertex operators (2.10), we have ignored any overall normalisation 
factors. In order for these vertex operators to have the right conformal dimension to be primary 
fields, the polarisation tensors have to satisfy the conditions F'"^^ = as well as /c'^C/ii^ = 0. 

Using these operators, one arrives at table 2. Observe that there is now one more way to 
produce a five-point function in the odd/odd spin-structure sector. As shown in table 2, in 
the odd/odd spin structure one graviton- vertex operator has to be taken in the (—1,-1) ghost 
picture, say the fifth state, while the other four are in the (0, 0) ghost picture. The resulting 
tensorial structure is 

^^n....s,.A......s X r^,. X CS X n C^l..._.€€ ■ (3-16) 

i=l 

Here, the 77^,^ tensor arises from the contraction of the dX^ with dX" from the supercurrent. 
Furthermore, (^^^^ is the polarisation of the fifth graviton and is seen as the fluctuation of 
the metric around the flat background g^^x ~ rj^x + k-iqCkX- Therefore, (3.16) is the linearised 
version of s1q^^""^^£iq^'^"'^^ QnuGnX R^- We should remark that the double epsilon term does not 
seem to appear in the heterotic theory, as the relevant operator product does not exist. An 
alternative way to check the absence of this term is to compute the relative normalisation 
of the tstsR'^ and eiotsBR^ terms along the lines of Lerche et al. [23, 56], and verify that it 
corresponds to the combination appearing in the Ix invariant. 



(-1/2,0), 



(1/2,0)^^^ 



3.3 Lifting to eleven dimensions 

After the string interlude of the previous section, let us get back to the fleld theory construction 
of supersymmetric invariants and discuss how to lift the results obtained in section 3.1 to 
eleven dimensions. As we shall see, this is essentially straightforward at the level of the 
purely gravitational terms (i.e. including just the graviton and gravitino) and the anomaly 
cancellation term. 

The supcrsymmctry transformation rules which we have used so far are shared between 
the ten- and eleven-dimensional theories (differences only come in when the gauge-flcld and 
dilaton parts of the theory are considered). Therefore, the supersymmetry analysis performed 
in section 3.1 remains valid provided one takes proper care of explicit dimension dependence 
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Table 2: The vertex operator products for the IIA string leading to the supersymmetric 
completion of the tgtsW'^ effective action. In the heterotic model, the ts tensors on the right- 
moving side arise from {BXe^''-^)^ instead of (A;**)^, while the odd/odd term is absent. 
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arising from contracted Kronecker deltas. As we have already remarked below (2.24a), one 
never encounters such explicit dimension factors in the variation starting from the super- 
Maxwell action (2.22) (there are, for instance, no contracted delta symbols arising from 
the expansion of gamma-matrix products). 

A first attempt at constructing the eleven-dimensional version of the invariant could be 
to try to hft the compact form (3.8). However, it is easy to see that such a naive approach 
is bound to fail. The reason is that there is a term in (3.8) with index contractions within a 
single tg tensor, hiding an explicit dependence on the spacetime dimension (see (B.12)). To be 
precise, the third line of (3.8) contains the tensor r^^jra? stemming from a product [rt^^,r[^l] in 
the string amplitude analysis (cf. (2.21)). When verifying supersymmetry invariance (which, 
as we have seen in section 2.3, was done on the expanded action (3.11)), these trace terms 
come out with the right coefficients only in ten dimensions. Moreover, it is not difficult to see 
that it is impossible to write down a generalised tg tensor in eleven dimensions with the same 
symmetry properties as (B.12) that reproduces these coefficients. 

Having made this observation, the remedy suggests itself immediately: instead of trying 
to preserve the full ts structure of the ten-dimensional action, we should lift the expanded 
action (3.11); this action contains left-over ts tensors of the right-moving sector, but does not 
involve any Kronecker delta contractions. The only dimension dependence of this action is, as 
we have already alluded to, related to the subtraction of the equation-of-motiou terms (cf. the 
discussion below (3.7)). For these terms, however, the dimension dependence cancels in the 
variation, as should be clear from their origin. As a result, the lifting procedure is essentially 
trivial in the gravitational sector, including the replacement of the two-form in ten dimensions 
with the three-form gauge field in eleven dimensions. 

The net result reads (again with all indices lowered) 



—p f^^'h^^^'w www 

192 8 ''8 ''^ rir2SiS2''' r3r4S3S4''' rsrQSsSe''' rrrgsrsg 



I 1 ^ht2t3ri—rsAs) TD TJ/ ... TyT/ 

^ (48)2'^ ''8 ^tit2tz^'' rir2S\S2 ^' i 



is 



-Aet 



''8 



— et 



+ et 



is 



is 



-4e t 



T^9^ ''8 
''8 



rjrssrss i 

iytpr\ ^r2 '4^stss ) ^^ri r2Si S2 ^^mns3S4 W'^nmssse 
{,'4^ri^r2 ST ss')^^rimsiS2^^mns3S4^^nr2Ssse 
iytpn si'4^r2Ss ) ^^rir2SiS2 ^^mns^SA ^^nms^s^ 
('0ri '0J-2 S8 ) msi S2 ^^mns3 S4 ^^nr2S5 S6 
(jPmJ^ n^mss ) ^^pgsiS2 ^^i}ps3S4 ^^ns-js^SQ 
i,'4^'mJ^ n'4^ms8 ) ^'^npsi S2 ^^^^95334 ^^qsrs^se i 



(3.17) 
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(3.17 cont.) 
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Here the dimensionful parameter a'j^ is defined in terms of the eleven-dimensional Planck 
length by (ct'j^)^ = 47r(Zp)^. The coefficients 2/9 and —8/9 arise from the dimension-dependent 
replacement of the Riemann tensor with the Weyl tensor plus fermion bilinears as explained 
below (3.7). 

Perhaps one could have expected a result along these lines. Obviously, there is no left-right 
splitting principle in eleven dimensions, and much of the symmetry between the left-moving 
'r' indices and right-moving 's' ones possessed by the ten-dimensional action is indeed lost 
in (3.17). It would be interesting to see whether the tensorial structure of (3.17) has a natural 
explanation in terms of a light-cone supermembrane calculation. However, we will not dwell 
on this issue any further and instead continue with a discussion of the modifications to the 
supersymmetry transformation rules and the resulting supersymmetry algebra. 



3.4 Superspace constraints from modified supersymmetry rules 

In contrast to the higher-derivative actions, which as we have seen share many structural 
features between the super-Maxwell and the supergravity models, the modifications to the 
transformation rules are rather different in the two cases. This is due to the fact that the 
formal analogy that led us to the substitution trick described in section 3.1 does not extend to 
the equations of motion, as is evident from a comparison of (2.4) and (A. 29). For this reason, 
the conclusion that the supersymmetry algebra does not receive any modifications when the 
super-Maxwell (ct')^ corrections are taken into account (see section 2.4) cannot simply be 
taken over to the supergravity case. Instead, these modifications have to be recomputed from 
scratch. However, before we do so in the next section, let us explain which of the modifications 
are actually of interest from a superspace point of view. 

In order to identify the relevant modifications to the transformation rules, we need to ex- 
amine the structure of the supersymmetry algebra. Specifically, for the Cremmer-Julia-Scherk 
action, the commutator of two supersymmetry transformations has the schematic structure 
(the S tensor is defined in (A. 26)) 

[6,,, 6,,] = 5*'^^°^'^*^°'^(2e2r"ei) +5^"^y(-2e2r'^ei^,) 

+ 5gauge^_4 e^T'^eiB,,, - 2l.,V,,e^) (3.18) 

When corrections at higher order in a'j^^ to the transformations on the left-hand side are taken 
into account, the parameters on the right-hand side can receive field-dependent modifications 
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at the corresponding order. In particular, we will focus on the corrections to the translation 
parameter for reasons that will become clear below. 

Since our analysis allows us to compute the modifications to the transformation rules only 
to lowest order in the fermions, and since we have not considered variations proportional to 
the gauge field, we are only able to compute the algebra on the vielbein. For this case, the 
translation parameter can be identified by focussing on the part 

[5,„5,,]e/ = a^re/ + --- (3.19) 

of the CK^-corrected version of (3.18). The expansion of the left-hand side in powers of a'j^ 
reads 

(i 4"'-^°] + - - (ei ^ 62))e/ + 0{{a'^f) . (3.20) 

Inserting the lowest-order transformation rules, the corrections at order (o;^)^ can thus be 
written as 

4"^^^'e/ ^ ^ -2eirsi:'-'^'ij,-{e^^e2). (3.21) 

mn 

All terms in this result which have the //-index sitting on either a gamma matrix or a Weyl 
tensor can be interpreted as modifications to the local Lorentz transformation parameter on 
the right-hand side of the supersymmetry algebra. Instead, we only have to look for terms 
which have the //-index sitting on a (covariant) derivative.^ Looking at (3.21), these terms 
can arise in three ways: from terms in e// which have the /f-index on the gravitino, from 
terms in this transformation rule which are proportional to 'i/'(2) and have the /t-index on the 
derivative, and finally from terms in 5'^°''m'>^ ip^ where the /i-index sits on the derivative. 

Restricting to these three classes of terms, the analysis already becomes much simpler. 
However, even among the terms that fall under one of these categories, not all correspond to 
non-trivial modifications of the translation parameter. We shall explain how to isolate those 
who do shortly, but first we need to make contact with superspace. 

Starting from our component-field results, the link to superspace is made as follows (see 
also Peeters [57]). When embedding the component theory in superspace, one makes a gauge 
choice for the lowest components of the superfields. The most natural one is 

V = < + o{e) , E/ = e/ + o{e) , 

E^'' = 5^\ impymg ^ ^^^^ ^ I ■ J 

EJ = 0{d), Ea'' = Sa''. 

The torsion is defined in terms of the supervielbeine and superconnections by 

Tab'' = (-)^(^+^)£;^^£;b^ (VmE^^ - H^'^V^Em'^) , (3.23) 

where the local Lorentz covariant derivatives are defined as 

I^mEn^ — OmEn'^ + Qm^sEn^ , 

T^mEn"' — DmEn"' + \{ — )^^^Mrsiy^^YbEN' ■ 



(3.24) 



^Of course, there could in principle be subtleties involving the Ricci cyclic identity so one has to be careful 
to also check for terms containing DW^,,,; however, it turns out that no such terms appear. 
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Imposing the gauge (3.22), the dimension-zero torsion component in (3.23) reduces at ^ = 
to 

Tab"" =-25a''5,^d^^Ep{ . (3.25) 

gauge of (3.22) 

It now only remains to find out how the modified supersymmetry algebra determines the 
order-^ term of the vielbein component appearing in (3.25). 

This component of the supcrviclbein can be found by using a procedure called gauge com- 
pletion (used previously in e.g. Cremmer and Ferrara [58] and de Wit et al. [59] to determine 
the theta expansion of the superfields for the standard Cremmer- Julia-Scherk theory). This 
procedure relates the transformation rules of the component fields (on the left-hand side of 
the equation below) to the transformation rules of the superfields (on the right-hand side). 
Explicitly, one has 



(3.26) 



where ^{A'^^Xrs)'^n = and ^{A^^XrsYb = j^'^^(^rs)"'b while the spinor-vector components 
vanish. Writing out the summations in bosonic and fermionic parts, one first finds that 
the dfj^e pieces cancel, as expected. Denoting the remaining part of the gravitino component 
transformation rule by S, one obtains the following characterisation of the order-^ components: 



(^5)^^/ = E,- 



E„ 



> in gauge (3.22) 



(3.27) 



(here {66) in the first two lines denote the respective supersymmetry transformations with the 
supersymmetry parameter e" substituted by 6"). From the fourth line one observes that the 
problem of determining the dimension-zero constraint is now reduced to finding the superspace 
translation parameter E'^. This parameter is defined in superspace by the relation 



6»=0 



(3.28) 



Whenever the left-hand side picks up a'j^ corrections, the above equation implies that these 
corrections will also be visible in the first-order 9 component of the transformation parame- 
ter . Hence, we find that knowledge about the supercharge commutator — represented by 
S3 — is sufficient to fix the dimension-zero component Tab' of the supertorsion. This component 
is of particular importance in the superspace formulation of eleven-dimensional supergravity, 
where the constraint imposed on it completely determines the dynamics of the theory via the 
superspace Bianchi identities; we shall have reason to come back to this point in the following. 

Although our primary interest, for the reason just discussed, lies in determining the 
dimension-zero component Tab^ , we should mention that our gauge- completion approach also 
allows us to find explicit manifestations of the interdependence of the various torsion compo- 
nents expressed by the superspace Bianchi identities. For instance, in the chosen gauge we 
obtain 



T * = (5 °=p ^(9 E 



ab 



(3.29) 



29 



The second equation in (3.27) then allows us to write 



r„/ = e/(5e/)„-V'/i;,% (3.30) 

where 5 is defined by 5e^* = e"(5e^*)a. For this dimension-1/2 component of the torsion we 
thus see that a'j^ corrections will result as a consequence of such corrections to the vielbein 
transformation rule as well as to the dimension- zero torsion constraint. 

Before we turn to the issue of how the torsion constraints are affected by the inclusion of the 
higher-derivative action (3.17), we need to discuss how to identify corrections that cannot be 
set to zero by field redefinitions. For example, not all potential corrections to the dimension- 
zero torsion component Tab^ are non-trivial, as explained in Cederwall et al. [34, 35] (see also 
references therein). In eleven dimensions, the most general expression for this constraint reads 

T„,^ = 2((cri)„5X^, + i(cr^''^),bX^,,, + i(cr--'^0a6X^,..,,) . (3.31) 

As was argued in [34, 35], the interesting physics is contained in the coefficients X^^r-z 
X^ri-'-rs- At this stage, the former is not relevant for us as it is necessarily zero within 
our gauge-field independent analysis. As far as the latter coefficient is concerned, the only 
SO(10,l)-irreducible component contained therein which can not be redefined away is the 



'fish-hook' one, 



, of dimension 4290; the two other possibilities — the antisymmetric tensors 



: and I — can be made to vanish by a superfield redefinition, which in our language corre- 
sponds to an appropriate change of the gauge choice (3.22) for the supervielbein. Indeed, the 
symmetrised product of three Weyl-tensor representations 1144 (ffl) does contain 4290, so 
{a'f^yW^ corrections could in principle appear. 

The upshot of this section is that, in order to find non-trivial modifications to the super- 
torsion component Tab'^, we have to study corrections to the supertranslation parameter in 
the algebra which involve a factor e2T^^^ei. All other superspace modifications are of lesser 
importance and can be ignored. 



3.5 Absence of corrections to the supersymmetry algebra 

Although our method will eventually produce the modifications to the supertorsion constraints 
along the fines sketched in the previous section, we are unfortunately rather severely restricted 
by the fact that we have not yet included the gauge- field terms in the superinvariant. As we 
will show in this section, there arc no non-trivial modifications to the supersymmetry algebra 
when one only considers the part of the superinvariant given by (3.17). We will comment 
on possible reasons for and implications of the absence of these corrections. However, let 
us begin by discussing in general terms which variations are responsible for the equation-of- 
motion terms, in particular those of the kind that would give rise to modifications of the 
supersymmetry algebra. 

As far as the vielbein equation-of-motion terms are concerned, they can, broadly speaking, 
be generated in two different ways: either by the split of a Riemann tensor in Weyl-tensor plus 
Ricci parts, or from additional, explicit Ricci terms that appear in the ]pip(2) identity (A. 35) 
and the D ■ ■0(2) identity (A. 36) as well as in the contracted Bianchi identity D^^^R^pf^ e^^ = 
(the Ricci terms should in all cases be subsituted by their on-shell expressions given in (A.31)- 
(A.32)). We shall return to the role of the contracted Bianchi identity in the variation of the 
action shortly and instead first discuss the Jpip(2) and D ■ ■0(2) identities, which are also the only 
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sources for gravitino equation-of-motion terms. Upon insertion of (A.31)-(A.32) they read: 



(d-l)(d-2) ^"^ d-2 

(3.32) 



2{d-2) '^"^ ' " 2{d-2) ^'-^-"'^ 2 



2{d-l){d-2) '^"^ ^ 4 ''^ ^"^'^ g"^^^^/^ 

(3.33) 

Note that in both of the above identities some of the vielbein equation-of-motion terms come 
from expanded Riemann tensors (cf. (A.35)-(A.36)). Additionally, further vielbein equation- 
of-motion terms appear after expansion of the Riemann tensor in the supersymmetry trans- 
formation rule for the gravitino curvature (A. 6): 



1 



1 



t^V'M- = IW^^mnV'^^e + j-^ [r-[^e£:(e),]„ + ^r^,e£:(e)A^J + 0{F'') + 0(V'') . (3.34) 

In the above equations one has to be careful with the index order on £{e)] the second index 
corresponds to the curved index of the vielbein (cf. (A. 29a)). 

A quick inspection of the variation of the eleven-dimensional action (3.17) shows that, 
when we use (3.32)-(3.34) to isolate the equation-of-motion terms, there is a plethora of terms 
which have to be cancelled by modifying the supersymmetry transformation rules. For the 
gravitino one can collect these modifications in a reasonably compact form (see (3.36) below), 
but the result for the vielbein has an order of magnitude more terms. Fortunately, as explained 
in the previous section the interesting physics is contained in a limited subset of these terms, 
so we do not have to consider them all. 

With the identities (3.32) and (3.33) at hand, the full set of gravitino equation-of-motion 
terms in the variation of the action (3.17) is readily determined to be^ 

3(d-2) ^8 -PiJ.S8^mX^r8VrrsrDjn(^eWrj^r2SiS2 ' ' ' ^r^reSBSe) (3.35) 
r) T T n ^^U/ . . . U/ ^ 



3(d- 


2) 


1 




6(d- 


2) 


1 





jVrgsa^^ ^m{,^^^rir2SiS2 ' ' ' '^r\ 



^Although we are discussing the eleven-dimensional case, here and in the following we keep the spacetime 
dimension d as a parameter as this helps us to keep track of the origin of various terms. 
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In computing the above result one has to vary the — ip'^ action and cannot get away with 
a simple variation of the action only, since the two differ by equation-of-motion terms 
and the variations will similarly differ by such terms. The complete compensating gravitino 
transformation rule at order (o;^)^ readily follows: 



3+is) 



J_ Ar) p -r n (fW ■ ■ - W \ 

f'S PiJ,ss^mJ-^r8Vr7S7Dm(^^^^rir2SiS2 ' ' '^^rsressse) (3.36) 
^8 -Pfim^7rJ-^rgf]rr 37^38 ^Vrir23iS2 ' ' ' ^^rsress^e) 
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6{d- 


2) 
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3{d- 


2) 



~l~ 3(d-2)^8 (^rssrVrrmPusg^ ''r ii_iVrrsrVr8S8Pixm^ D^(Wrj^r2SiS2 ' ' '^rsressse) 

where we used a shorthand notation for (see (A. 33)) 

Pmn '■— 2^ oijij^rnn — {d — 3)?^^^) . (3.37) 

The above result can in principle be checked in an independent way by verifying that the 
modified equation of motion for the gravitino is indeed supercovariant under the transforma- 
tion rule (3.36), but this turns out to be considerably more difficult than the analogous check 
which we performed in section 2.4 for the super-Maxwell theory (consequently, we have only 
verified supercovariance for the highest-order gamma- matrix terms). 

Recall from the previous section that the S^'^m) ijj^ terms that modify the supersymmetry 
algebra are those where the //-index sits on the covariant derivative. Although there are 
such terms contained in the third and fifth lines of (3.36), none of these are proportional to 
either F'^l or T^^\ which are the only ones that would contribute to the Ft^l component of 
the translation parameter. Hence, (3.36) does not lead to any non-trivial modification to the 
supersymmetry algebra. 

Turning to the vielbein equation-of-motion terms, we again focus on terms that modify 
the r'^l component of the translation parameter. As discussed in the previous section, these 
correspond to terms in ^("m)" that either have the //-index on the gravitino or contain ip(2) 
and have the /i-index on a covariant derivative. Only terms of the former kind can potentially 
be generated by the equation-of-motion terms in (3.32)-(3.34). There is indeed such a term, 
namely 

(a'M)-' SCrin ^ -4(^3^ ^ (er^-^V'^) Wr,r2S,S2 ■ ■ ■ Wr,res,se S{e)s/ . (3.38) 



Cancellation of this term requires the transformation rule to be modified according to 

5e/' ^ , = +7#C 4^^ (e-r^--^^,) Wr,r23.,., . . . Wr,r,3,,, , (3.39) 

from (3.38) 4^^0t — Z) 

which for the supersymmetry algebra, in turn, implies the contribution 

[<^ei,5Je/ +A^Ml^t^^)D,{e2^-■■^^e^)5Z^Wr^^^^^^ (3.40) 

from (3.38) 4(^0 — Z) 
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We are not done yet, however; in the cases where the super-Maxwell variations produce 
terms proportional to £{A)'^ — DnF'^" H , the analogous Weyl-tensor terms in the super- 
gravity action give equation-of-motion terms for the vielbein. That this is so can be seen by 
inserting the decomposition (B.6) of the Riemann tensor in the contracted Bianchi identity 
D\pRi,p]^ = 0, and then substituting the on-shcll expressions (A.31)-(A.32) for the Ricci 
terms. Neglecting all higher-order terms and keeping only the equation-of-motion terms of 
interest one is left with 

D'^Wmnrs = i^^) [s" Vr]m + " " " ■ (3-41) 

Instead of scanning the variation of the eleven- dimensional action (3.17) for terms of this 
kind, we can, alternatively, make use of the £{A) terms in the variation of the super-Maxwell 
action displayed in (2.24a)-(2.24c).^ In this way we obtain the term 

which arises from the fourth line of SL^^^ in (2.24a) after mapping to the supergravity side. 
Using (3.41), the modification to the transformation rule is then found to be 



(«Mr As) 



from (3.42) 2{d — 2) 



Such a non-supcrcovariant term is not very elegant (we will get back to this shortly) but we 
can still use it to compute the supersymmetry algebra. The modification (3.43) produces only 
a r'^l term because of the anti-symmetrisation on ei and €2- The result is 



6,,] e/ = -j^^^ 4'^ i^^(62r-"-^ei)iy,,,,,,,,iy,3,,,3,,iy,,,,,,,,5:«:3 . (3.44) 

from (3.42) 4(^0 — A) 

Finally, adding (3.40) and (3.44) we arrive at the conclusion that the F'^l part of the 
translation parameter in the supersymmetry algebra, and thereby also the F'^l part of the 
torsion component Tai/, docs not receive any corrections proportional to (om)'^ VT'^. 

In order to check the correctness of this rather unexpected result, we can redcrivc it in a 
different way. Namely, since the non-trivial information encoded in the supersymmetry algebra 
(and the supcrspace constraints) should not be affected by field redefinitions in the higher- 
derivative action, we should obtain the same vanishing result for non-trivial F^^l corrections 
by using the supersymmetric action instead of the action (3.17) (recall the discussion 
around (3.7)). As the former is obtained from the latter simply by replacing the Weyl tensor 
with the Riemann tensor and removing the last two terms of C-pm , we can to a large extent 
draw on the above analysis of the IV^ case. The main difference is that in the variation of 
the action no vielbein equation-of-motion terms arise from splitting Riemann tensors into 
Weyl and Ricci parts, since such splitting is not required. But the equation-of-motion terms 
generating the modifications (3.39) and (3.43) are both of precisely this type, as can be seen 
from the factor (d — 2)~^ in their coefficients (cf. (A.35)-(A.36)). Hence, neither of these 
modifications occurs in the variation of the R'^ action, and since no new F'^l corrections to 



^Although the left-right mixing and the replacement R ^ W on the gravity side lead to modifications as 
compared to the super-Maxwell Lagrangian (2.23), it is easy to see that these do not affect the terms can 
potentially contribute to the Pl^l part of the translation parameter. 
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the transformation rules are generated, we can indeed again conclude that the supersymmetry 
algebra is not modified at this level. 

At this point, it is interesting to notice that the situation is slightly different for the 
dimension-1/2 component Tar^. For this case, (3.29) shows that there is a direct relation be- 
tween the transformation rule of the vielbein and the torsion component. However, the gauge 
choice (3.22) is not appropriate in case the vielbein does not transform supercovariantly. The 
field transformation that brought us from the action to the action has introduced 
such non-supcrcovariant terms, as one can see from (3.43). We will not go into details here, 
but it suffices to say that we can only reliably compute the dimension-1/2 component of the 
torsion, under the assumptions of section 3.4, for the action. The modifications induced 
by (3.39) and (3.43) are then absent, but this does not constitute the complete result at this 
level; other equation-of-motion terms which are not relevant for the discussion of the super- 
translation algebra (and therefore have not been discussed here) do nevertheless contribute to 
the dimension-1/2 torsion. However, we shall not concern ourselves with a systematic analysis 
of these terms here, but instead return to discuss the dimension- zero torsion. 

As hinted at above, the vanishing (a'j^)^ correction to the supersymmetry algebra is 
quite surprising in light of Howe's result [33] that by imposing only the standard constraint 
Tab'^ = 2 {T'^)ab on the supertorsion in eleven- dimensional superspace, the equations of motion 
for classical Cremmer-Julia-Scherk supergravity follow upon solving the superspace Bianchi 
identities. Hence, any non-trivial correction to the latter theory requires that the constraint 
on this supertorsion component be modified in a non-trivial manner. We are thus led to the 
conclusion that these non-trivial corrections must be due solely to the gauge-field terms that 
we have not yet included in the tst^W'^ superinvariant. Moreover — and more remarkably — 
when the gauge-field strength i/(4) is set to zero, our result, in conjunction with Howe's, seems 
to tell us that the dynamics encoded in the action (3.17) is equivalent to the dynamics of the 
CJS theory for configurations with vanishing gauge-field strength!^ We should, however, point 
out that a complete analysis of the action at order (a^)^ is likely to require the inclusion of 
the eeW^ term (together with its associated fermi bilinears). Its presence can be deduced by 
lifting the one-loop term in the HA action (1.6), and it is conceivable that this term is also 
required once one includes the gauge field in the supersymmetry analysis. At present we do, 
however, not know whether this purely gravitional term will produce non-trivial modifications 
to the algebra; it seems more likely that such corrections will again arise from the gauge-field 
terms once they arc included. 

To the best of our knowledge, the only other computation of a supergravity commutator 
(where corrections could be expected) in the presence of higher-derivative terms that is avail- 
able in the literature was done in the type HB paper by Green and Sethi [9]. These authors 
considered the algebra on the dilatino. As their main result required only the information 
of the terms independent of the Riemann tensor, they only had to take into account the 
modified dilatino transformation rule. As a consequence their calculation did not reveal any 
modifications to the supertranslation parameter either. 



®Some gauge-field dependent contributions to tlic bosonic part of the invariant were obtained by Deser and 
Seminara [60, 61] from an analysis of supergravity four-point functions at tree-level. However, their method 
is neither complete (higher-point functions are necessary as well), nor does it produce a result which exhibits 
directly the tg tensorial structures. 
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4 Discussion, conclusions and outlook 



In this paper we have presented the first part of a systematic derivation of the modifications to 
the superspace torsion constraints due to higher-order en! string effects. In contrast to existing 
approaches, our analysis is based on the component formalism of supergravity. Using string- 
amplitude calculations in combination with supersymmetry requirements, we were able to 
find a compact form for the super invariant associated to the anomaly cancellation term in ten 
dimensions. In addition, we derived the modifications to the supersymmetry transformation 
rules. In the sector which we considered, which is largely independent of the gauge field, 
the invariant could be lifted to eleven dimensions. The field-dependent parameters in the 
supersymmetry algebra were shown to receive no corrections from this 'purely gravitational' 
part of the theory. 

Given the complexity of higher-derivative supergravity actions, it is most encouraging that 
the use of string-amplitude information has enabled us to reduce the supersymmetry analysis 
to a problem that can be worked out by hand. As a result, we now have a much better 
understanding of the tensorial structure of the fermion bilinears. In addition, the compact 
form of our result has enabled us to lift our results to eleven dimensions, in spite of the fact 
that it was based on string input. 

The next step of our programme is obviously to extend the analysis to cover the gauge-field 
sector in our analysis and also to include the eel^"^ term. Since we have found that no non- 
trivial purely gravitational modifications to the dimension-zero supertorsion constraint are 
generated by the higher-derivative interactions we have derived so far, while the superspace 
analysis of Howe [33] proves that any non-trivial M-theory corrections must show up precisely 
in this torsion component, it is clear that either one (or both) should be responsible for these 
corrections. The strong link between the presence of the gauge field and the structure of 
eleven-dimensional superspace at the quantum level is perhaps not so unexpected, given the 
central roles the membrane and the five-brane — both supported by a non-vanishing gauge-field 
strength — play in M-theory. In addition, there are several reasons to expect the presence of 
the eeW'^ term in the action. First of all it is obtained by lifting the IIA action. But more 
importantly, absence of corrections to the torsion constraints generated by this term would 
imply, through Howe's analysis [33], that the dynamics of the purely gravitational theory 
(i.e. setting the gauge field to zero) is equivalent to that of the Cremmer-Julia-Scherk theory. 
It is not clear how such a rather strong conclusion would fit into the various duality conjectures. 

The presence of the ee term in the higher- derivative eleven-dimensional action can in 
principle be studied via our string theory analysis. As our approach is based on one-loop 
amplitudes, and because the heterotic string does not exhibit this particular bosonic term 
at one loop, it is, however, necessary to first extend our analysis to the maximally extended 
supergravity theories in ten dimensions. Treatment of the gauge-field sector using our methods 
is also possible, although one expects that the lifting procedure to eleven dimensions will be 
more complicated. But perhaps the rather compact form of our invariant will make it possible 
to analyse these gauge-field dependent terms using only supersymmetry. Work on these issues 
is in progress. Once the gauge-field terms have been included in the higher-derivative action as 
well as in the transformation rules, it also becomes of interest to study «^j-corrected M-brane 
supergravity solutions as well as applications to compactification problems. 

On the sideline, many other interesting questions have appeared. One of them is to under- 
stand whether a superparticle (or supermembrane) vertex operator analysis (in the space-time 
supersymmetric formalism) is able to reproduce the tensorial structures of the fermionic bilin- 
ears in our eleven-dimensional action (3.17). This, however, requires complicated zero-mode 
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integrals to be performed (an alternative way to state this problem is that one has to calcu- 
late contractions of a sixteen-dimensional spinorial epsilon tensor with a number of gamma 
matrices, which is hard except for special cases like the contraction that leads to the tsts 
structure). 

The main goal of this programme, however, remains to understand how the higher- deriva- 
tive modifications to the target-space theory are related to similar corrections of world-volume 
theories of branes. For instance, the known bosonic higher-derivative gravitational corrections 
to the Born-Infeld part of the D-brane actions (as derived by Bachas et al. [62]) and the 
ones correcting the Wess-Zumino term (see e.g. Green et al. [63] and Cheung and Yin [64]) 
have so far not been incorporated in a kappa-symmetric framework, generalising the actions of 
Cederwall et al. [65, 66], Bergshoeff and Townsend [67] and Aganagic et al. [36]. Intuitively one 
expects that the gravitational corrections, together with the modified torsion constraints and 
perhaps a modified form of the kappa- symmetry projector, conspire to yield again a kappa- 
symmetric action. The superembedding formalism seems to be a very promising tool with 
which to address this question. 
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A Supergravities in first- and second-order formalism 



A.l Normalisation issues 

This appendix contains various details about the standard, non-extended supergravity theories 
in ten and eleven dimensions (though some of the results apply to other supergravity theories 
as well). Our main goal is to explain the origins of various normalisation factors, to elaborate 
on the presence of the dilaton and to explain some of the subtleties one encounters when 
dealing with the transformation rule of the spin connection. None of the results are new, 
although few accounts of higher-dimensional supergravity in the first-order formulation have 
appeared previously in the literature (exceptions are the papers by Castellani et al. [68] and 
Julia and Silva [69]). As we do not need higher-order fermi terms in the main text, they have 
been omitted here for the sake of brevity. The original references for the theories discussed here 
are Cremmer et al. [70] (eleven dimensions) and Chamseddine [71] and Bergshoeff et al. [55] 
(ten dimensions). 

The gravity supermultiplcts for the theories under consideration consist first of all of a 
graviton (described by the vielbein e^^), a gravitino (ipf^) and a bosonic gauge field (which we 
will denote by B^^...^^_^). In ten dimensions, there is in addition a dilaton (0) and dilatino 
(A). We define the bosonic and fermionic field strengths as 

(A.l) 

Note the perhaps somewhat unusual normalisation of the gravitino curvature. 

Let us first discuss some normalisation issues. In eleven dimensions the kinetic terms 
are unique up to normalisations. In ten dimensions, in contrast, the presence of the dilaton 
forces us to make a choice of Weyl scaling. In the present section we eliminate this choice by 
requiring that the kinetic terms for the fermions are diagonal and we will comment on the 
other possibilities later. With this choice, our normalisations are fixed by 



-^gravitino ^ -\ Id^Xe ^^r'^^^V',^ , (A.2) 



1 f 1 

gauge field q 2 / | -'-'Mi - Mn-'-' 



In eleven dimensions n = 4, while in the ten-dimensional theory n = 3. The power p of 
the dilaton in the last line depends on the dimension and the rank of the gauge field, and is 
completely fixed by supersymmetry once we have fixed the normalisation of the dilaton kinetic 
term. For this field (and its superpartner) we use the actions 



^dilaton Jd'^xe{(f) ^di^cpy , 



(A.3) 

-4 / d'^xeXT''D„X. 



'-^ dilatino o 

With this choice, it turns out that p = 2 for the three- form theory (see below). The spinors 
are all minimal, i.e. in eleven dimensions the gravitino is Majorana while in ten dimensions 
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the gravitino and the dilatino are both Majorana and Weyl (though of opposite chirahty). In 
addition to the above terms, the complete non-hnear actions will contain three-point vertices 
coupling the fermions, the gauge field and the dilaton. Finally, there will of course be higher- 
order fermi terms, and in eleven dimensions also Chern-Simons couplings of the gauge fields; 
we will ignore the former but comment on the way in which the latter arise at the end of this 
section. 

The structure of the supersymmetry transformation rules of the various fields can be de- 
termined by analysing the kinetic terms given above (see also Townscnd and van Nieuwen- 
huizen [72]). Let us first state the result, which can be summarised by the general form 



Se/^2er^^, (A.4a) 

SiP^ = D,e + Af^ (r/i-"e)^^,...„ , (A.4b) 

SB,,...,^_, = (n- (V'[mr;.,...^„_,]e) -J\f,cl>P/' (Ar^,...Mn-ie) , (A.4c) 

(f)-^5(f) = V2{e\) , (A.4d) 

= (r^6) - i^A/'a r'^' (r---"6) ^.,...„ . (A.4e) 



We should stress that these rules are not the ones which we use in the main text; instead, a 
super- Weyl rescaling to the string frame has been used there. More details are given in the 
next section. The spin connection appearing e.g. in the graviton kinetic action can be viewed 
as either an independent field (first-order formalism) or as a composite one defined in terms 
of the vielbein (second-order formalism). In between the first- and second-order formalisms 
there is also the so-called 1.5-order formulation, where the spin-connection is treated as an 
independent field for the purpose of the supersymmetry variation only. These issues will be 
discussed in more detail below. 

Given the transformation rules, one can define so-called supercovariant objects, which 
are by definition such that they transform without any derivatives of the supersymmetry 
parameter. Notationally, we distinguish fields with this property by hats. They are readily 
constructed with the result: 

^fi = - a/SAV'/, , (A.5a) 
= D,X - -i=(rV'^)0-i0, + ^AAA</.-^'/^(r---V'^)^,,..,„ , (A.5b) 

^1.. = ^[^V'.] + J^f -H^l^.], ( A.5c) 

+ nNx(t>''^{XT^.,...ar.^.,]). (A.5d) 

Let us now explain how to obtain the gauge-field dependent coefficients in (A. 4) (the 
other ones arc easily fixed). The first thing to do is to determine the structure of the three- 
point vertices in the action. The easiest way to achieve this is to demand that the fermion 
equations of motion are supercovariant. Using the definitions (A. 5) one then writes down 
these couplings immediately. The next step is to fix the structure of the tensors T. This can 
be done by focussing on variations proportional to a derivative of the gauge field strength, 
and observing that terms with a F'"! matrix only come from this tensor and should therefore 
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vanish by themselves. Once this tensor is known, the normahsation factors and H\ follow 
by looking at for instance the H'^ terms in the variation, or by computing the algebra on the 
bosonic fields. Finally, the exponent p can be fixed by considering variations proportional to 
one power of the gauge-field strength and a derivative of the dilaton. 

To illustrate this procedure, let us discuss the invariance of the eleven- dimensional action 
in some more detail. The three-point vertices can all be incorporated in the action by just 
taking the supercovariant gravitino curvature in (A. 2) (such a simple substitution does no 
longer work in ten dimensions, but the rest of the logic is the same). This object, and the 
supercovariant gauge-field strength, transform as 

^i^t^u = I i?/..mnr"^"e + (r,] ■H)e + Af}T^-H%yHe + 0{eiP^) , (A.6) 

SHf^upa = eT[^,V'p<x] - 12Ar^ ^[^.T|,|p^^] + 0(eV'-^) . (A.7) 

Employing Se = eCr^Se^^' as well as d^e = een'^df^ex^, one finds that the three kinetic terms 
transform as 

'^d '^graviton — ^(^Rn^ ~ ^^n'^Rj ^r^V^/x + \&(^Tmn^ — T^x^en^^^LoJ^^ . (A. 8a) 



''uprs 



+ eN^ eV^-PD^ (% ■ H^^ - eN^ e% ■ HV''^"'^^, (A.8b) 

- eN^ i^^r'^^'D, (Tp ■H)e-\e ^^r'^'^'T-^'p ^^.rs 

+ e A/J e% ■ Hr^''f% ■ HiP, + 0{eiP^) . 

4 field = -^.eeVf^ip^H^ + le eV^r H^^^.H,^-'^ - \eN^ g^^ d^Hx^pa eV^P^ 

+ \eN^ er^.V'a HI''""' - T^xX") + \eN^ er,p^,H''''''%x'' 

- \eN^ er^'^r^D^ics,^^ ■ ■ ■ es,^')e'"'Hx,...x, ■ (A.8c) 

We have kept Su as well as the terms proportional to the torsion''' T^J — 2 -D[^e^]'' for the 
discussion in section A. 3. The first terms to focus on are those with a derivative on the gauge- 
field strength. They only come with a rl"~^J matrix in (A. 8c), and by comparison with (A. 8b) 
one finds 

" 2{d-2)n\ (^'^''""" - 5^[-ir----l^ . (A.IO) 



''A useful relation, valid under the integral, which isolates the appearance of the torsion terms, is 



6(5 



+ 2 (iT,/5"*" - T.A^^'^'^*") Ja;,t„ (A.9) 

This can be used in higher- derivative actions, but of course also reproduces the variation of the Einstein-Hilbert 
term after insertion of 5"*" = - r?*"??''*) (which satisfies £>^5'''**" = 0). 
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The cancellation now arises due to the fact that relative normalisation between the two terms 
leads to 

r^/T/i -"" = _ J_ ('r^^-i -n + n{n - 1) S/'S,'''r'''-''A . (A.ll) 

^ * 77". ^ ^ 

When inserted in the relevant terms in (A. 8b), one finds that the first gamma produces a 
Bianchi identity on the gauge-field strength, while the second one exactly cancels the contri- 
bution from (A. 8c). By computing the algebra on the two bosonic fields or by analysing the 
variations proportional to H'^, one obtains Af^ = 1. 

The Chern-Simons term in the eleven-dimensional action arises because of the fact that 
there is a t/jV^^^eH'^ term left over after all other terms with two powers of the gauge-field 
strength have been cancelled. By dualising the gamma matrix one can get rid of this variation 
by adding the term 

2 r 

'S'chern-Simons TToTi 2~ d X £^ ^ i?^^^2/U3-^/i4---A'7-^M8---Mil " (-^■-'-^) 

The story is very similar in the ten-dimensional case, where one finds the same tensorial 
structure for T and in addition obtains that Aa = l/\/2 and p = 2. 



A. 2 Super- Weyl transformations and the string frame 

In ten dimensions we have the freedom of going to a different frame by rescaling the vielbein 
by a power of the dilaton. In order to maintain the canonical transformation rule of the 
vielbein, an accompanying redefinition of the fermion fields is necessary. Starting from the 
transformation rules (A. 4) and performing a rescaling 

(A.13) 

(the second column ensures that the first terms in the dilatino and gravitino transformation 
rules remain independent of the dilaton) then one finds that the new vielbein transforms as 

Se/ = 20"-^^ (frV^^) + e/(eA)0" (V2a - 27) - 270'^-2^(!r,,A)e/ . (A.14) 

Imposing that this is identical to the transformation rule in the original frame requires that 
the two remaining parameters are expressed in terms of a as 

In addition, there are some changes in the supersymmetry transformation rules. Firstly, a 
Lorentz transformation has to be added in order to accommodate the last term in (A.14), and 
addition there are some changes to the fermionic transformation rules. Focussing on the n — 3 



case (we drop the tildes from now on) one obtains: 

5e/ = 2 eT'jjj^ - V2a (er%A)e/ , (A.16a) 

S,p^ = D,e + 0« (r/--'^^e)i7^,....3 - ^ 0« {T^T'^^-'^^e)H,,...,, (A.16b) 

5B,,^, = 2 0-^ (VS[^ir^.]e) + (AF^.M^e) , (A.16c) 

0"M>=V2(eA), (A.16d) 

5X = ^(F'^e) r'4>, - i^0''(r'^"-"^e) ^.i-.3 , (A.16e) 
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(here q = a{n — 1) — p/2). The rules above of course include higher order fermi terms which 
we have suppressed. 

Under these super-Weyl rescalings, the kinetic terms for the graviton, the gravitino. the 
dilaton and the dilatino all pick up a dilaton prefactor 0^*^^^^^°. The gauge-field kinetic term 
instead will get an overall factor where p is the factor that was already present. 

The frame in which all transformation rules are independent of the dilaton, namely for which 
a — p/{2n — 2), is called the "string frame". In this frame one in addition observes that all 
kinetic terms have the same dilaton prefactor, while the transformation rule of the gauge field 
becomes independent of the dilatino and the gravitino rule simplifies drastically. We refer the 
reader to the work of Kallosh [38] and Kallosh and Nilsson [39] (the = 1 case) and Bellucci 
et al. [73] (the extended supergravities) for more information. 

These results can of course be formulated in superspace as well. Following Gates [74], 
Howe [75] and in particular section 6 of Gates and Vashakidze [76]), one finds that the trans- 
formed supervielbeine are given by 




(A.17) 



Observe that the components Ejj^^ and EcJ' (which are the only components appearing in 
e.g. the string world-sheet action) transform in a simple way. The fr"" field is a superfield and 
has a non-trivial expansion in powers of theta. 

A. 3 Transformation of the spin connection in eleven dimensions 

We have not yet discussed how the terms proportional to the torsion and the variation of the 
spin connection in (A.8a)-(A.8c) are cancelled. In the second-order formahsm the torsion is of 
higher order in the fermions, while the transformation rule of the spin connection follows from 
that of the vielbein. In contrast, the first-order formalism keeps both of these as independent 
objects. The 1.5-order formalism, somewhere in between the previous two, applies only to the 
classical supergravity theories as it makes use of the fact that the equation of motion of the 
spin connection is algebraic. As a result, this object does not have to be varied in the action 
as it only leads to terms proportional to its defining equation. We will exhibit in detail how 
the differences arise in the case of the eleven- dimensional theory. 

We first observe that the fully anti-symmetrised Riemann tensor in (A. 8b) can be rewritten 
using 

R[iiupf = —D[fjTj,pf . (A. 18) 

The only candidate Sou term that can cancel this variation is the second line of (A. 8a) with 
a non-supercovariant term in Sou (the first term in (A. 19) below). Part of the transformation 
rule for the spin connection should therefore be 

S.u,^'' = (er/^"^>,) + 4 eT™"^'V',p - ^ eT'-^[™^,,e,'^l + ^(e^^) , (A.19) 

(for the cancellation of the torsion terms, there is a third possible candidate in the variation 
with a r'^l, namely eVj/^'^'^'^\, but it turns out that this term is not needed). However, this 



41 



is not the complete story as we have remaining terms coming from the third and fourth hne 
of (A. 8b) as well as the second line of (A. 8c). Taken together, they are 



remaining = -e ( V^pF'^'^^Ta ■ H e - {e ^ V',) ) T^.^ - ^eeT'^''^'^^-3a4^^^ai^^^ ^^^^ 

^ ^ (A.20) 

+ \e eT^pi/j, m'^P'^ (r^/ - T^a''^/) + \e eT,,^,i/^-''^T^/ . 

The first two terms can be reduced further, as the anti-symmetric combination picks out only 
the rl^l and T^^] pieces. The fact that (A.20) is non-zero implies that we need additional terms 
in 5uj. 

Just adding eil^H terms to the transformation rule of the spin connection does not, however, 
make the action invariant. The only way out of this problem is to add an additional term 
to the action, which vanishes when the torsion is taken on-shell. Such an addition has also 
appeared in Castcllani ct al. [68] and Julia and Silva [69]. The guiding principle to find this 
action will be to make (A. 19) supercovariant. This requires 

5^ujJ^^ = -(L'^e)r/^"^>, + er/^"*"r, • ^V'A ■ (A.21) 

The first term produces a variation proportional to the derivative of the supersymmetry pa- 
rameter. The appropriate term in the action to cancel this variation is 

St = ^ f d''x |e (r^^'^ - "value of T^^^" on-shell") VSaF/'^^^^Vk ■ (A.22) 

The second term in (A.21) now produces additional terms proportional to the three-form field 
strength and so does the variation of the gravitini in 6St- The sum of these, even though it 
involves a contraction of F'^l with T, is rather simple: 

4i (<^25cjs + SSt) = |e T^„''er,~% ■ Hi^, + (e ^ V.) ■ (A.23) 

Adding (A.23) to the terms (A.20) which were still remaining, and working out the F'^J and 
r'^^ terms in the gamma products (this is a bit tedious but can be done more easily by making 
use of (B.23)), one finds that many terms cancel and one obtains the following rather elegant 
result 

«2^55= -^(V^Ar'^V-..,,e + 24V^Ar'^^'^^5,3'^5,/e) (|T^/ - T^/^/) . (A.24) 
These can be cancelled by one final addition to the transformation of the spin connection, 

53^;,-- = -4e eS^'''-''\H,,...,,i;, , (A.25) 
where we have defined the tensor S as 

^mai...a4^ ^ _1_ ^rmai...a4^ ^ 2Arf'^''^T''^''^r]''^^ . (A.26) 

It also happens to be the symmetric part of the product of a single F with T, but it is as of 
yet unclear how to find S in the above calculation in such an elegant way (it probably requires 
rewriting of the transformation rule of the three-form, as that is the only place where T is not 
yet present manifestly). 
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Summarising, the action (A. 2) (plus higher-order fermi terms) is the first-order form of 
eleven-dimensional supergravity provided we add St as given in (A. 22). It is invariant under 
the transformations (A. 4) together with the transformation rule of the spin connection 



eV/P^^'iP^p + 4 er^^^^V^p - I er^l'"V^„e,"J - 4 ecS"^" • HiP, + C)(e^^) + 0{T) . (A.27) 



(The additional torsion term can be determined by considering the variation of St)- The 
first two terms above can be rewritten in such a way that the relation to the second-order 
formalism becomes more clear. Using F'^I = r'^^rt"^' — T^^^rj and the corresponding expansion 
of r'^l, one finds 



Sco,""^ = _ier"*n£:(^)^ + (! + §) eS{tpyv^ + 2 erj"'s{tp)''^ - 2 er"^"£:(vi), 

- 2 er^V-"*" + 4 eV^'^i)"^^ - 4 e<S"*" • H^/j^, + 0(eV'^) + 0{T) . 



(A.28) 



The capital S{iIj) symbols on the first line are proportional to the gravitino equation of motion 
(see (A. 29b) and (A. 33) below). The gauge-field independent terms of this transformation 
rule also apply to the ten-dimensional theory. 

A. 4 Equations of motion and other identities 

The equations of motion associated to the eleven- dimensional action discussed in the previous 
sections are as follows (n = 4 in the following) : 



sSd 

e 5e^^ 



+ 



(A.29a) 



S{A) 



fl-"Cn-l 



SSd 



e SA 



Cl-'-CTn-l 



nl 6Sd 



(e/f''^i-''"-0 + 4 D« 

e 



(A.29b) 



1 



(n!)^ e 



-.0-l -lT„_lAl - A8 fj- , H", 

' -nAi -A4-"A5 -A8 : 



(A.29c) 



= i ilT^n'' - TrnX^'en") - V^aF Vl^e^]'^ - IV^mF^n ■ (A.29d) 



Here, n is the field strength form degree. In the equation of motion of the spin connection, 
the part cancels between the variation of the gravitino kinetic term and the variation of 
the extra part (see (A. 22)) that was added to the action. 

At this point one can make contact between the first-order results and the well-known sec- 
ond order formulations. Using the equation of motion for the spin connection one determines 
the on-shell value of the torsion. 



(A.30) 
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The transformation rule of the spin connection in the second-order formahsm is obtained by 
using the equation of motion for the gravitino and inserting that in the first-order transfor- 
mation rule. 

The Ricci tensor and scalar can now be expressed as 



R 



d-2 



- S{e)x' - - 2^)^' - - 3)^;.r^'^"^,,] + Oi^p^H) + Oi^p") , (A.31) 



2 2 77 — 1 2 

it:/ = 2£:(e)/ - — — £(e)A'e/ + -. TyAH%^ - ——-H^Cr^ 

a — 2 (n — Ij! d — 2n\ 

- ^^Ar^^^V'.pe/ + Q>i^irr^'''i^M + Oii^^H) + 0{i;') . (A.32) 

The gravitino equation of motion will also often appear in a slightly different form, obtained 
by multiplying the field equation with a non-singular operator, 

^ 2(d^ (^"'^ 3)r?v)i:(^)'' = 2 r''^,, , (A.33) 

where the operator can be shown to satisfy [Tx^ — {d — 'i)r]x^ (t^'^ — rj^'^^ = 2{d — 2) rj\^ . 

We will encounter this singly contracted gravitino curvature several times in the variation of 
the higher-order corrections to the action. 

We also need a few more identities to get rid of covariant derivatives on gravitino curvatures. 
In particular, using 

^[mV^.A] = Ir'^^l^i^.Almn , (A.34) 

one derives that 

^V^.A = ^[.^A] + \ ^'i^wR^s + \T^V''ipmR.>.rs + C»(V'') + 0{T^) . (A.35) 
Further multiplication with a single gamma matrix can be used to derive 

D^'i^xu = -\JpS{^)x + i^A(r • 8(^)) - \R''xrsT'''i'u + {RxriT'-'^s ' V) + l^x ■ (A.36) 

The equations in the present section can be used in the tcn-dimcnsional theory as well, as 
long as one restricts to the sector of the theory which is independent of the gauge field, dilaton 
and dilatino. 



B Conventions, notation and some T algebra 
B.l Indices and signs 

We use a 'mostly plus' metric rj = (— , -|-, -|-, . . . , -|-). Our index conventions are as exhibited 
in the following table: 

spinor vector super 
curved a, (3, . . . /j,,!/, . . . M,N, . . . 
flat a,b, . . . r,s,... A,B,... 



44 



We denote the charge conjugation matrix by C and always write it exphcitly wherever it 
appears. 

The sign conventions we use for the Riemann tensor and its contractions are 

= R>.x\ , = i?/ . (B.2) 

The covariant derivative associated to a; acts on Lorentz vector and spinor indices according 
to 

D{u)^ = d^V"^ + uj;\ , (B.3) 

D{u)^e^d^e + ]u;'Trse. (B.4) 

With these conventions one obtains 

[D^,D,]e=\R,,rsV'''e. (B.5) 

The decomposition of the Riemann tensor in terms of the Weyl tensor, the Ricci tensor (or 
the irreducible traceless Ricci tensor 5"^" = -Rm" — d~^5m^R) and the Ricci scalar is given by 

4 2 
B Pi^W St ^'^'^ -\ BS '^'^ 

(B.6) 

4 2 

Prom the former expansion the following operator that projects onto the Weyl part of the 
Riemann tensor is readily derived: 

4 r 1 2 

J- mim2m3m4 "mim2 ^msmA _ 2 "*i™2 "3 "4 _ 1^ _ 2) "nin2 ' 1-°- ' J 

Here we used the notation ^pi^^ ' ' ' '^p^^''' with antisymmetrisation with unit weight 

{5p'^ should be read as r]pq where appropriate). As appropriate, the operator (B.7) obeys the 
property = P, is traceless on the m-indices and satisfies 

P nin2n3n4 ry fR 8^ 

B.2 Riemann tensor polynomials and the ts tensor 

For reference, we present in this section the expressions for the various higher- derivative in- 
variants in terms of the tensor polynomial normal forms as analysed by Fulling et al. [77]. Our 
choice of basis has a maximal number of invariants with no mixed-type index contractions 
(double indices are summed over using a metric and traces are on Lorentz indices): 

P42 = ^^{RfMuRupRfiaRap} ; 

P43 = tl (^Rfj_i^Rpa^)tT (^Rfj^i^Rpa-) = A3 , 

P44 = tr(P^,P^,)tr(P^,P^,) =Ai, (B.9) 

P45 = {R^uRupjiT^ [RpaRa^i] = ^2 , 

P46 = iY{Rni,Rpcf)ir{RnpRi,a) — A4 , 

p p [mn p P9 p p tu] 1 7 

iL47 ^mn ^pq ^rs ^tu 2-8! ' 
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The 'Ai and 'Z' symbols are (up to an overall normalisation 2 • 8! of the latter) the notation 
of de Roo et al. [15] and PuUing et al. [77] , who do not employ R42 but instead use 

TDpqrs J? i-UT3 V w T3 A DPqrs J? t u t3 v w td A (T) i r\\ 

^ t ^svuw -^5? r q ^uvsw -^7 • ^JD.IUJ 

The relation between their choice and ours is given by 

- = i?42 - ii?46 , (B.ll) 

which can be verified by repeated use of the cyclic Ricci identity. 

In string theory it is more useful to employ the specific tensorial structures that appear in 
string-amplitude calculations. The tensor has four index pairs and is defined as 

^rnim2n\n2PiP2qiq2 _ _ 2 ^j^^nii2^m2ni^pi(}2^P2gi _j_ ^nip2^n2Pi^mig2^»n.2qi _j_ ^rniP2^m2Pi^nig2^n2gi^ 
_j_ g ^^nill^2^m2^^l^n2Pl^P2gl _j_ ^TOl92^m2Pi ^^2"! ^^1291 _j_ ^TOin2^m2Pi^P2'Jl^92ni^ 

+ anti-symmetrisation of each index pair, with total weight one . 

(B.12) 

The following special case (for an anti-symmetric tensor N) is useful: 

fi-'''Mr,r2Nr,r, ' ' ' N^.r, = "6 Mi,j,iVi,i,iV^„iV„^ + 24 Mt,t2Nt2mNmnNnH ■ (B.13) 

The invariants formed from the tg tensor and the usual £10 can be reduced to the seven 
fundamental invariants of (B.9) as follows: 

X := tstsR^ = 192 i?4i +384 R42 +24 +12 R^ -192 R45 - 96 R^q , 
\Z :=-|£io£ioi?^ =192i?4i+384it:42+24i?43+12i?44-192i?45 + 96i?46 

- 768 A^ + Ricci terms . (B. 14) 

This leads to 

X-\Z = -1927?46 + 768^7 + Ricci terms . (B.15) 
In addition, the two Yang- Mills-like invariants are 

'■— tsticR'^ — 8 i?4i +16 R42 ~4 i?45 — 2 i?46 + • • • , 

tsYi :=ts{tTR'^f ^ -4i?43-2i?44+16i?45 + 8i?46 + --- ■ 

Moreover, there is the relation 

tsXs = tstsR^ = 24i8tri?^ - GtsitrR^f . (B.17) 

We should stress that the tgts tensor does not automatically project on the Weyl part of 
the Riemann tensor, as can easily be verified by e.g. computing tstg R^ taking only the Ricci 
parts in the expansion (B.6) to be non-zero. In a similar way, trace terms appear in the tie 
tensor of Green et al. [78]. So far, the presence of these trace terms has not played any role in 
the literature because they are proportional to the equations of motion when the gauge fields 
are ignored. For clarity we will always write Weyl tensors explicitly. 

In this context, let us also mention that for the N — 1 case in ten dimensions a super- 
symmetric extension of igtsR"^ written as an integral over the sixteen spinorial superspace 



(B.16) 
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coordinates has been given by Nilsson and ToUsten [79] and Kallosh [80] . Indeed, we have ver- 
ified by an exphcit covariant calculation that the trace-free version of (B.15) can be obtained 
as 

x-\z\^_^^^l jd^^e {ecv^^^e ecv/w Rmnp,)' , (b.is) 

The ^-contracted Riemann tensor above — appearing at fourth order in the 9 expansion of the 
scalar superfield oi N — 1 supergravity in ten dimensions, as formulated by Nilsson [81] — is 
manifestly free from trace terms. This is an immediate consequence of the group-theoretical 
fact that the fully anti-symmetriscd product of four SO (1,9) spinor representations 16 contains 
the irrep 770 (ffl), but neither 54 (m) nor 1 [79]. In principle it is possible to construct the 
linearised superinvariant along these lines by considering also the other terms in the expansion 
of the scalar superfield, and obtain the ts and eio structures by going to the light-cone gauge 
before doing the fermionic integral. However, apart from the fact that this is technically 
probably still rather complicated (the integrals are not as simple as the highly symmetric 
one above), it also does not go beyond the linearised level, and therefore does not provide an 
alternative to the methods used in the main text. 



B.3 Some useful F- matrix identities 

The matrices (/i, = ■ ■ ■ ,d — 1) are taken to satisfy the Clifford algebra 

{Tr,rs} = 2r}rs. (B.19) 

In d — 10, the matrix F* := F^F^ • • • F^ squares to the identity and anti-commutes with F'*, 
and can therefore be used to define the Weyl projectors 'P± = |(1 ± F'^). 
From (B.19) we can derive the commutators 

[r%rtu] = 8r^'[j\^, (B.20) 

[F-,F,J = 12F['-[,„(5^],]. 

These, in turn, immediately lead to the following commutators of covariant derivatives and 
gamma matrices with curved indices : 

[L'^,F^i-''"] = n V^l'^Tl'-!'^--^''] + K^[F,„F^i-^"] 

B.21 

^nL'^e^t'^iFl^l'^^-^"!. 

The following commutators and anti-commutators of higher products of gamma matrices are 
also useful: 



Furthermore, we have the contraction identity 



''5 J 

S3 ■ 



(B.22) 



min(m,n) | | 

y {d-m-n + k)— T^r,-r^-\ ^...s,5'-'^'-'-\. (B.23) 
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Finally, we have made frequent use of the famous fermi flip property 

(V^iCr'^i-'^"V'2) = (-i)"("+i)/2 cr'^i , (B.24) 

in this form valid for arbitrary spinors; for Major ana spinors we can of course write ip'^C — ■0. 
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